
How to construct generalized logistic 

curves associated with the complex 

logistic equation: 

TSummary 

An application to COVID-19 

Jun Ara(, Yasuyuki Nishigakit, Toshikazu Ito+ 

~::\=- - '7- F 

complex logistic equation 

pole point 

generalized logistic curve 

COVID-19 

This paper, first, reviews the complex logistic equation and its solution. Then, we define 

the generalized logistic curve and study its properties. Furthermore, we approximate the 

variation of the number of infected patients of COVID-19 by using the generalized logistic 

curve. 

* Associate Professor, Faculty of Economics, Ryukoku University 

t Professor, Faculty of Economics, Ryukoku University 

:j: Emeritus Professor, Faculty of Economics, Ryukoku University 

How to construct generalized logistic curves associated with the complex logistic equation ( Arai, Nishigaki, Ito) -55-



Introduction 

In order to study population dynamics, T.R.Malthus introduced the differential equation: 

(0.1) 
dx 
--=ax 
dt 

where a is a positive constant ([2]) . Equation (0.1) is known as the Malthus growth 

equation. Furthermore, P.F.Verhulst modified Equation (0.1) to Equation (0.2): 

(0.2) 

(0.3) 

dx 2 
-- = ax-bx 
dt 

where a > 0 and b > 0 ([3]). Equation (0.2) is known as the logistic equation. 

In our previous paper ([1]), we introduced the complex logistic equation: 

dZ 
- = aZ(1-Z) 
dT 

where a, T and Z are complex numbers, and using the solution of Equation (0.3), we 

constructed the generalized logistic curve. In this paper, we will express the detailed 

construction of generalized logistic curves associated with the complex logistic equation. 

Presumably, using these generalized logistic curves, we can depict the variation of the number 

of infected patients of COVID-19. 

This paper consists of four sections, as follows. The first section reviews the complex 

logistic equation. The second section constructs generalized logistic curves. The third section 

illustrates generalized logistic curves. The last section depicts the variation of the number of 

infected patients of COVID-19 by the generalized logistic curve. 

1 A review of the complex logistic equation 

In this section, we will review the complex logistic equation according to [1]. 

Let a be a non-zero complex number. The equation: 

(1.1) 
dZ 
-- = aZ(1-Z) 
dT 

with the initial condition z0* 0, 1 has the explicit solution: 

(1.2) Z(T) 
1 

1-Zo -oT 1 --e + 
Zo 
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]- Zo e"o+>•,J:I 
Using the exponential expression - z- and the coordinate transformation of 

0 

aT = U = u + v/=1, Equation (1.2) is rewritten by U as follows: 

(1.3) 

We consider the absolute value squared of Z(U): 

(1.4) 

We envisage that, regarding the two real variables u and v in Equation (1.4), the former 

represents a change of population size and the latter represents an environmental variable 

such as the change of the seasons, etc. 

When a point U = (u, v) in R 2 moves along the line L, we define the function rp(fJ) of fJ 

as the restriction of IZ<u)l2 on L. We call this graph of rp(fJ) the generalized logistic curve. 

In the next section, we will give details on the construction of rp(fJ) . 

2 Construction of cp( fJ) 

Let U be a point on the plane R 2. U is represented (u, v) by the coordinate of R 2. Take the 

point U0 = (u 0, v~ E R 2. We denote by A the set of pole points of Z(U) which is defined by 

(2.1) A = { U 0 - u = 0 and V 0 - v = rc + 2rck I k € Z) 
= { A k = (U0, V 0 - rc - 2rck) I k E Z ) 

v 

Vo + 7r---- -- - ­
A_ I 

Uo 
Vo -- --

--------------4---~u~o------------- u 
0 

Vo - 11: - - - - - - - - - -
Ao 

Fig 2.1: U-Plane ((u, v)-plane) 
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We note that following properties are clear: 

Periodic property: Z(u, v + 2n) = Z(u, v) 

Symmetric property: Z(u, V 0 + v) = Z(u, V 0 - v). 

We denote by gt = .;1 :.A? (1, A) a gradient vector where A is a real number. Then we 

define the line L()., ~) with the gradient vector gt and the initial point (u 0, V 0 + ~) as follows: 

(2.2) L().., ~): U = e.gt + (u0, V 0 + ~) 

where e and ~ are real numbers. 

We denote by (/J)..t;(e) the restriction of lz<u)l2 on L()., ~): 

(2.3) 
1 

(/J)._~ (e) = -------------
_,_ _,_ A 

e-2e v;;r + 2e-e y;;y cos<e v' 2 +~) + 1 
1+A 

Now, to understand the function (/J)..t; (8) , we give the well-known example, that is, it is known 

as the logistic curve in the sense of Verhulst. 

Example 2.1 Ij a is equal to 1.0 + 0.5/=I and Z 0 = 0.2 + 0. 3/=I, we obtain U0 = (u 0, vJ 

= (0. 86, - 1. 34) by using ~ = e"•+"ovCI_ Let A and ~ be zero. Then we have 
Zo 

1 

(e-o + 1)2 

v 

4.0 

2.0 A_ I 

u 
-6.0 -4.0 -2.0 0 2.0 4.0 6.0 8.0 

-2.0 Uo L(O, 0) 
2.0 

-4.0 
Ao 

-6.0 -2.0 -1.0 3.0 

Fig 2.2: The line L(O, 0) Fig 2.3: The generalized logistic curve on 
L(O, 0) 

3 Graphs of cp).J(O) 

In this section, we fix a = 1.0 + 0.5/=I and z0 = 0.2 + 0.3/=I. Then we get U0 = (0. 86, - 1. 34). 

If we give A and ~' we remember the line L()., C: ): 
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(3.1) u = e.gt + u. + <o, () 

(3.2) 

and the function cp;.~ (e) on L(), ¢): 

1 
(/J;../8) = -------------_,_ _,_ .A 

e-28 v;-;r + 2e-8 .;;;I' cos(& r.---:0 +() + 1 
v 1 +.A2 

3.1 the level curves of lt(lJ) 12 

To investigate the graph of (/J;..~(e), we show the level curves of I .Z(U)I2 on R 2 

4.0 

3.0 

2.0 

~ 1.0 

-2 .0 -1. 

-1.0 

-2.0 

-3.0 

-4 .0 

~ -5.0 

-6.0 

Fig 3.1: Level curves of I Z(U) 12 

3.2 A special case of ..\, = 0 

In order to look for local maximal or minimal points of cp0_~ (e), we begin to calculate directly 

on the first derived function of cp0_,; (e) 

(3.3) 
(e-28 + 2e-o cos ( + 1)2 
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The solution of the equation dqJ~~(()) = 0, that is, e-9 = -cos ( is local maximal or minimal 

points of (/J0.~; (()). 

Summary of a special case 

(1) When ( is 0 ~ ( ~ 2n , (/)0,~;(8) is the increase function such that lim (/)0.~; (8) = 1 and 
B-++oo 

lim (/)0,/8) = 0. 
0->-00 

1[ 

(2) When ( is 2 < ( < n, (/)0, ~; (8) has one maximal point and two points of inflection such that 

lim (/)0, ~;(8) = 1 and lim (/)0. ~;(8) = 0. 
0->+oo 0->-oo 

w 

Fig 3.2: look for local maximal or minimal points of (/)0.~; (8) 

Moreover, we denote by 8(() the point of the 8-axis which attains the maximal value of 

(/)0.;: (()). Then we get an inequation: 

(3.4) e<[ ) > e<t> if z < ~ 

i 
5.0_ 

4 .0 

3.0 

2.0 

-4 .0 -3.0 -2.0 -1 .0 1.0 2.0 3.0 4.0 5.0 

Fig 3.3: Some curves of (/)0.?;(8) (( is respectively 0, 1. 4, 2. 1, 2. 7) 

3.3 Another special case of ~ = 0 

We also calculate on the first derived function of (/);,_0(8): 
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(3.5) 
e-28 vr;r + 2e-8 vr;r cos((} h) + 1 ( 

I I )2 
v l+k 

where ( is defined by cos ( = ; 1 ~.A.2 and sin ( = ;1~.A.2 
Since we cannot solve explicitly the equation: 

(3.6) 11 ~.A.2 8 - 8 v;h. =-cos((} 11~.A.2 -() 

We try to investigate solutions of Equation (3.6) by computer approximation. 

(i) When .A is sufficiently small, we may expect Vl ~.A.2 ~ 1, ;1~.A.2 ~ 0 and ( ~ 0 

If e satisfies e Vl~.A.2 < ; i.e. e < V1 ! .A.2. ; ' then the equation 

e-8 = -cos ((} ;1~.A.2 ) has no solution. 

2.0 

1.0 

-4.0 ·3.0 -2.0 -1.0 3.0 4.0 

Fig 3.4: graph of qJ0 1/8) 

We note that the two conditions: e < Vl !.A.2 . ; and .A is sufficiently small, mean that e 
reaches a sufficiently large number. 

(ii) When .A is sufficiently large, we may expect /l~.A.2 ~ 0, Vl~.A.2 ~ 1 and ( ~ ; . 

w 

e 

Fig 3.5: to solve Equation (3.6). 

7r 
Since Equation (3.6) is 0-e-80 = 0 ~ - cos ((} - 2), we get the infinite solutions 
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8 =:o n, 2n, 3n, ·· ·. (See Fig 3.7) 

Moveover, we remark that e attains its local maximal points and minimal ones alternately. 

5.0 

4.0 

3.0 

2 .0 

1.0 

1.0 2.0 3.0 4.0 

Fig 3.6: graph of (/)5 0(8) 

Summary of another special case 

(1) If .A is sufficiently small, rp;j8) is the increase function such that lim (/);..0 (e) = 1 
0-+ +oo 

and lim (/);..0(8) = 0. (See Fig 3.4) 
8--> -00 

(2) There exist .A such that (/);..0(8) has many maximal and minimal points. (See Fig 3.5, 

Fig 3.6) 

5.0 

4.0 

3.0 

<--

-5.0 - 4 .0 -3.0 -2 .0 -1.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0 13 .0 14.0 15.0 

Fig 3. 7: Some curves of (/J;.. 0(e) CA. is respectively 0. 5, 1, 3, 5) 

3.4 A generic case (i.e . .A:/- 0 and .; :/- 0) 

As a generic case, let .A = 3. 0 and ( = 2. 5. (See Fig 3.8) 
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-3.0 -2.0 -1.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 

Fig 3.8: graph of (/)325(8) 

4 Application to COVID-19 

In accordance with the global spread of new-type coronavirus infections (COVID-19), WHO and 

health authorities in each country predicted the epidemic, and its application to infectious 

disease control has attracted great attention. Althrough the SEIR model, which is one of the 

typical predictive models, is based on a system of simple differential equations <c;:: =ax, or 

: = ax(1 - x) originated in the population dynamics by [2] and [3]) , it has had considerable 

success in predicting the spread and end of the epidemic according to wether the prevention 

measures are adequate or not. 

In the previous sections, we investigated properties of the generalized logistic curves cp(8). 

Using these generalized logistic curves, we will, in this section, predict the variation of the 

number of new COVID-19 infections in Japan. 

In order to aproximate to the curve of Fig 4.1, we have the following three steps. 

Step1: We envisage level curves of I z<u)l2on R2 (See Fig 3.1) and generalized logistic curves 

(See Fig 3.3, Fig 3.4, Fig 3.6, Fig 3.8) Especially, we give attention to pole points (See 

Fig 2.1). 

Step2: We will try to choose a line segment several times. Moreover, we illustrate the generalized 

logistic curve cp(e) which is defined by the restriction 1 z<u)l2 on the line segment. 

Step3: Comparing these generalized logistic curves with the curve of Fig 4.1, we can fix one 

generalized logistic curve. 

Example 4.1 Fig 4.1 is the data of the variation of the number of new COVID-19 

injections in Japan. 

We approximate Fig 4.1 by the generalized logistic curve cp(e) , (See Fig 4.2 and Fig 4.3.) 
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0 

1/17 2/17 3/17 4/17 5/17 6/17 7/17 8/17 9/17 

Fig 4.1: New COVID-19 infections in Japan (Ministry 
of Health Labour and Welfare) 

v 

(0.45, 1.9) 

-------+++----- u 
0 

Ao 
(0.35, -5.7) 

Fig 4.2: The line segment for new infections in Japan 

5.0 

4.0 

3.0 

2.0 

1.0 

1 .0 2.0 3.0 4 .0 5.0 6.0 7.0 8.0 

Fig 4.3: Generalized logistic curve for new infections in Japan 

Example 4.2 Fig 4.4 is the data of the variation of the cumulative number of COVID-19 

injections in Japan. 
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1/16 2/16 3/16 4/16 5/16 6/16 7/16 8/16 9/16 

Fig 4.4: the cumulative number of COVID-19 infections m 
Japan (Ministry of Health Labour and Welfare) 

We approximate Fig 4.4 by the generalized logistic curve rp(8) , (See Fig 4.5 and Fig 4.6.) 

v 

A-t 
(2.35, 1.3) 

( -1.4, - 5.9) Ao 

Fig 4.5: The line segment for the cumulative 
number of infections in J apan 

2.0 

1.0 

1.0 2 .0 3.0 4 .0 5.0 6.0 7.0 8.0 

Fig 4.6: generalized logistic curve for the cumula tive 
number of infections in J apan 

Example 4.3 Fig 4. 7 is the data of the variation of the number of new COVID-19 

injections in the District of Columbia. 
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Fig 4.7: Daily Trends in Number of COVID-19 Cases in the District 
of Columbia Reported to CDC 

We approximate Fig 4.7 by the generalized logistic curve qJ(e) , (See Fig 4.8 and Fig 4.9.) 

v 

(3.0, 4 .2) 

( -0.2, -6.6) 

Fig 4.8: The line segment for new infections in the District of Columbia 

4.0 

3.0 

2.0 

1.0 

1.0 2.0 3.0 4 .0 5.0 6.0 7.0 8.0 9.0 l 0.0 11.0 

Fig 4.9: generalized logistic curve for new infections in the District of Columbia 
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Conclusion 

We introduced the generalized logistic curve associated with the complex logistic equation. 

We discovered many different properties of rp;._,;(8). Using these properties, we could 

depict variations of the number of COVID-19 infections. 
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