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Geometry of Phyllotactic Spiral Tilings

T11D001 Takamichi Sushida
Abstract

Phyllotaxis is the regular arrangements of primordia of leaves and other organs of plants.
Typical phyllotactic patterns form the spiral structures described by the golden section 7 = 1+—2‘/5
and the Fibonacci numbers 1,1,2,3,5,8,13,---. In early half of the 19th century, the classical
subject of geometrical phyllotactic patterns was started from the study of the cylindrical model
(the linear model) by Bravais brothers. Moreover, it has studied as a multidisciplinary subject
which contains the study of the disk model (the non-linear model) based on the mathematical
model by Vogel. The main subject of the thesis is to describe comprehensively Voronoi spiral
tilings and triangular spiral tilings.

First, we consider a tiling given as a Voronoi diagram with the spiral lattice A(§) = {Z(mod 1),
E=x+1iy € C, y > 0 of the cylinder C/Z. We show that a bifurcation process of combinatorial
structures by monotone decreasing of y > 0 as x is fixed, is explained by the continued fraction
of z. A bifurcation diagram of combinatorial structures is the union of arcs. A complex number
& on each arc produces a rectangle tiling. Moreover, we consider limit sets of aspect ratios of
rectangular tiles. If x is a fixed quadratic irrational, then the limit set given by y — 0 is a finite
set written by quadratic irrationals. In the phyllotaxis theory, an irrational number which is
linearity equivalent of 7 plays a vital role, and it is called the noble number. In particular, if =
is a noble number, then the limit shape is the square. This is an extended result to the shape
invariance under compression by Rothen and Koch.

By the complex exponential function exp : C — C\{0}, A(§) of C/Z is mapped as the spiral
lattice S = {(/}jez of the punctured plane C\{0} generated by ( = e*. Second, we consider
the Voronoi spiral tilings with S of C*. We show that a bifurcation process of combinatorial
structures by monotone increasing of 0 < r < 1 as Arg((¢)/2n is fixed, is explained by the
continued fraction of Arg(()/2m, where —m < Arg(z) < 7 denotes the principal argument of
z € C\{0}. A bifurcation diagram of combinatorial structures for Voronoi spiral tilings is the
union of branches of real algebraic curves parameterized by Arg(¢). A complex number ¢ on
each branch produces a quadrilateral tiling. Moreover, we consider limit sets of aspect ratios of
quadrilateral tiles. If Arg({)/27 is a fixed quadratic irrational, then the aspect ratios are written
by the linear approximation, and we obtain the same results as Voronoi tilings on C/Z.

Finally, we consider the triangular spiral tilings with S of C\{0}. The triangular spiral
tilings was devised as geometrical architectures with phyllotactic patterns by Akio Hizume. The
set of generators ¢ which produce triangular spiral tilings with opposed parastichy pairs, is the
union of branches of real algebraic curves parameterized by Arg(¢). On the other hand, a set
of generators ¢ which produce triangular spiral tilings with non-opposed parastichy pairs, is the
union of branches of real algebraic curves parameterized by |(|, and it gives a dense subset of D.
Next we consider limit sets of line segment ratios of tiles for triangular spiral tilings with opposed
parastichy pairs. In the same way as the Voronoi spiral tilings, if Arg(()/2 is a fixed quadratic
irrational, then the line segment ratios are written by the linear approximation, and we obtain
the same results as Voronoi tilings on C/Z. In particular, if Arg(¢)/27 is a noble number, then
the limit set is written by 7.

Throughout the thesis, the proofs of the Voronoi spiral tilings and the triangular spiral tilings
are given under multiple tilings defined as a tiling of a covering space of the punctured plane C*.
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