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Summary

We investigate bifurcation curves of a limiting stationary problem for a cell polarization
model proposed by S.Ishihara, et al. (Phys. Rev. E 75 015203(R), 2007), M.Otsuji, et
al. (PLoS Compt. Biol. 3: €108, 2007) and Y.Mori, A.Jilkine and L.Edelstein-Keshet
(SIAM J.Appl Math, 2011).

The cell polarization model model is

Wy =W + WW = 1)(V+1-W), z€(0,1),te(0,00),
Vi =DV —W(W — 1)(V +1 - W), z e (0,1),te (0, 0),
Wo(0, 1) = W(1, t) = V4(0, t) = Vi(1, t) = 0,

W (z, 0) = Wo(z), V(z, 0) = Vo(z),

(TP)

where W = W (z,t) denotes the density of an active protein, V = V(x,t) denotes the
density of an inactive protein, € > 0 and D > 0 are diffusion coefficients.

The total mass of protein m is conserved by the above equation. The total mass of
protein m correspond with the initial total mass. It is thought that D is sufficiently larger
than € in a actual phenomenon.

Letting D — oo in stationary problem for (TP), V(x) become an unknown constant V.
For simplicity we concentrate on monotone increasing solutions, since we can obtain other
solutions by reflecting this kind of solutions. Thus, we get our stationary limiting problem

(W +WW —1)(V4+1-W) =0, z € (0,1),
W, (0) = Wa(1) =0,
(SLP) Y W(z) >0, Wy(z) >0, z€(0,1), V>0,

1
/ Wdx +V = m.
0

Y.Mori, A.Jilkine and L.Edelstein-Keshet are obtained interesting bifurcation diagrams
by numerical computations. Kuto and Tsujikawa (DCDS suppl., 2013) obtained several
mathematical results for (SLP) with suitable change of variables. They show existence
of bifurcation curves for almost all m. Direction, connection and global destination of
bifurcation curves were not clear. We have obtained the exact expressions of all the
solutions for it by using the Jacobi elliptic functions and complete elliptic integrals in
Mori, Kuto, Nagayama, Tsujikawa and Yotsutani (AIMS 2015 Proc.). The method to
obtain all the exact solutions essentially based on the method which started in Lou, Ni
and Yotsutani (DCDS 10 2004). It is developed by Kosugi, Morita and Yotsutani (DCDS
19 2007) to investigate the Cahn-Hilliard equation treated in Carr, Gurtin and Semrod
(Arch. Rational Mech. Anal. 86 1984).

In this paper, we give mathematical answers to the following questions:

e Existence and nonexistence of all global bifurcation curves for all given m.

e Direction and connection of bifurcation curves.

e Existence and uniqueness of the secondary bifurcation point.

e Global existence and destination of the secondary bifurcation curves.
These results are the first ones to clarify the existence and nonexistence of all global
bifurcation curves including the unique existence of the secondary bifurcation point.



