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1 Introduction

We are interested in wave-pinning in a reaction-diffusion model for cell
polarization proposed by S.Ishihara, M.Otsuji and A.Mochizuki[2],M.Otsuji,
et al.[12] and Y.Mori, A.Jilkine and L.Edelstein-Keshet[11].

The wave-pinning is such a phenomenon that a wave of activation of
the species is initiated at one end of the domain, moves into the domain,
decelerates, and eventually stops inside the domain, forming a stationary
front.

We investigate a model proposed in [11]. The model is

Wy =Woe + WW —1)(V+1-W) in (0,1) x (0, 00),
eVi= DV —W(W —1)(V+1-W) in (0,1) x (0,00),
Wo(0,t) = Wo(1,8) =0, Vi(0,t) = Vy(1,t) =0 in (0,00),
W(z,0) = Wy(z), V(x,0)=Vy(zx) in (0,1),

(TP)

where W = W (z,t) denotes the density of an active protein, V = V(z,t)
denotes the density of an inactive protein, € and D are diffusion coefficients,
Wo(z) denotes the initial density of the active protein, and Vj(x) denotes
the initial density of the inactive protein.

It is easy to see that the mass conservation

1 1
/ (W (2,8) + V (@, £))dz = / (Wo() + Vo(2))dz = m
0 0

holds, where m is the total mass determined by the mass of the initial
densities Wy(z) and Vp(z).

Letting D — oo in (TP), we formally obtain the following time depen-
dent limiting equation:

Wy = *Woe + WW —1)(V+1—=W) in (0,1) x (0, 00),
dv ! ~ .
(TLP) e = —/0 WW -1)(V+1-W)dz in (0,00),
W,(0,t) = W,(1,t) =0 in (0, c0),
W(z,0) = Wo(z) in (0,1), V(0) =V,

where W = W (z,t), V = V() is the density depending only on t. Wy(z)
denotes the initial density, and V{y denotes an initial constant density.
Owing to the mass conservation, the stationary problem of (TP) can be



reduced to the following Neumann problem with a nonlocal constraint:

(W + WW = 1)(V+1-W)=0 in (0,1),
DVig—W(W =1)(V+1-W)=0 in(0,1),
(SP) W(z) >0, V(z)>0 1in (0,1),
W, (0) =W,(1) =0, V,(0)=V,(1) =0,
1
/0 (W () + V(@))dz = m

where W = W(x), V = V(x), and m is a given initial total mass determined
by initial densities.
Straight understanding of a stationary limiting problem for (TLP) is

EWpe + WW = 1)(V+1—W)=0 in (0,1),

/1W(W—1)(17+1—W)dx:0,
0
Wx(o) = Wx(l) = 07

W(z) >0 in (0,1), V >0,

1
/ W(z)dz +V =m.
0

The second equation automatically holds from the first and third equation.
Hence the above system is equivalent to

EWeoe + WW =1)(V+1-W)=0 in (0,1),
Wx(o) = Wx(l) = 07

W(z)>0in (0,1), V >0,

1
/ W(z)dz+V =m.
0

For simplicity we concentrate on monotone increasing solutions, since we
can obtain other solutions by reflecting this kind of solutions. Thus, we get

EWoe + WW —=1)(V+1—=W)=0 1in (0,1),
Wx(0)=W( ) =0,
W(0) >0, Wgy(z)>0in (0,1), V >0,

1
/ W(z)dz +V =m.
0

Here it should be noted that we may omit the condition W (0) > 0, since
this condition follows from other conditions. Thus we obtain a stationary



limiting problem as
EWpr +W(W = 1)(V+1-W)=0 1in (0,1),
W (0) = Wa(1) =0,
(SLP) § W,(z) >01in (0,1), V >0,

1
/ W(z)dx +V =m,
0

where m and e are given positive constants, W = W(z) is an unknown
function, and V is an unknown nonnegative constant.

Interesting bifurcation diagrams are obtained in [11] by numerical com-
putations. Kuto and Tsujikawa [6] obtained several mathematical results
for (SLP) with suitable change of variables(see, also [4] and [5]). We have
obtained the exact expressions of all the solutions for it by using the Jacobi
elliptic functions and complete elliptic integrals in Mori, Kuto, Nagayama,
Tsujikawa and Yotsutani [8]. The method to obtain all the exact solutions
essentially based on the method which started in Lou, Ni and Yotsutani
[7]. Tt is developed by Kosugi, Morita and Yotsutani [3] to investigate the
Cahn-Hilliard equation treated in Carr, Gurtin and Semrod [1].

Now, let us introduce an auxiliary problem to investigate (SLP). Let
V > 0 be given, let us consider the problem

EWoe + WW —1)(V+1-W)=0 in (0,1), (1.5)

(AP; V) $ W,(0) = W,(1) =0, (1.6)
Wa(x) > 01in (0,1). (1.7)

The following fact is fundamental (see, e.g. Smoller and Wasserman [14],

Smoller [13], and Theorem 2.1 in [8]). )
There exists a solution of (AP;V), if and only if (V, £2) € G, where

G:= {(f/, e 0<€2<7‘T~/2}. (1.8)
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Figure 1.1: Existence region of solution for (AP;V)



Moreover, the solution is unique, is represented by elliptic integrals, and
has properties

0<W(z;V,e?) <V 41, (1.9)

- - - 1 &2
W(ZB;V,EQ):V—Fl—V'W(l—I‘;~,é). (1.10)
Let us define the global bifurcation sheet S by

S = {(V,EQ,m(f/, 52)) S(V, €Y e Q}, (1.11)
where

1
m(V, £2) ::/ W(z;V,e¥)dx + V. (1.12)
0

We note that

~ 1 €2

m(V,e? —21~/+2—Y7m<~,~> forany V>0, €¢>0 1.13
(V.2) =2 y (1.13)

by (1.10), and which implies

m(1,e?) =2 forany &°¢ <O, 732> . (1.14)
We see from Theorem 4.2 that m(f/, £2) is represented by complete elliptic
integrals. For given m > 0, level curve with the height m of the global bifur-
cation sheet S corresponds to the bifurcation diagram in the plane (V, £2)
for (SLP) with given m. Thus, for each m, we can obtain the bifurcation
diagram by

{(V, 2)eG:m(V, 2) = m} (1.15)

In Figure 1.2, we show the global bifurcation sheet and bifurcation dia-
grams of (SLP) which is obtained numerically in Section 9. In this paper we
prove the following Theorems by obtaining representation formula for the
global bifurcation sheet and analyzing it.

Theorem 1.1 Let 0 < m <1 be given. There exists no solution of (SLP).
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Theorem 1.2 Let 1 <m < 2 be given. The following holds.

(i) There exists no solution of (SLP) for V € (0, (m —1)/2] Um—1, 1]
U [m, 00).

(ii) There exists the unique (V) € (0, ﬁ/w) such that W (z;V,e%(V))
is a solution of (SLP) for V. € ((m —1)/2, m —1). Moreover, (V)
is continuous on [(m —1)/2, m — 1] by defining € ((m—1)/2) = 0,
e(m—1)=+vm—1/7.

(ii) There exists the unique (V) € (0, \/‘T//TF) such that~W(:C;f/,€2(f/))
is a solution of (SLP) for V € (1, m). Moreover, (V) is continuous
n [1, m], by defining € (1) =0, €(m)=0.
We show several profiles of W (z; V,£%(V)) corresponding to (V,e2(V)) as-
sured by Theorem 1.2 in Figure 1.4.
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Figure 1.4: Profiles of W (z;V,e2) for 1 < m < 2.



Theorem 1.3 Let m = 2 be given. The following holds.

(i) There exists no solution of (SLP) for V € (0, 1/2] U [2,00).

(ii) There exists the unique E(f{) € (0, \/‘T//ﬂ') such that W (z;V,e%(V))
is a solution of (SLP) for V. € (1/2, 1). Moreover, there exists the

unique £, = 0.23529--- such that (V') is continuous on [1/2, 1] by
defining € (1/2) =0, (1) = &,.

(iii) For V =1, there exists no solution of (SLP) for e € [1/m,00), and
there exists the unique solution W (x;1,2) of (SLP) for e € (0,1/m).
(iv) There exists the unique 6(‘:/) € (0, \/‘T//TF) such that W (z; V,e2(V))
is a solution of (SLP) for V € (1, 2). Moreover, ¢(V') is continuous
on [1, 2] by defining (1) = e,, €(2) = 0.
We show several profiles of W (z; V,£%(V)) corresponding to (V,e%(V)) as-
sured by Theorem 1.3 in Figure 1.5.
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Figure 1.5: Profiles of W (z; V,?) for m = 2.



Theorem 1.4 Let 2 < m < 3 be given. The following holds.

(i) There exists no solution of (SLP) for V € (0, (m —1)/2]U [1, m —
1] U [m, 00).

(i) There exists the unique (V) € (0, \/‘T//ﬂ') such that W(x;f/,EQN(f/))

is a solution of (SLP) for V € ((m —1)/2, 1). Moreover, (V) is
continuous on [(m — 1)/2, 1] by defininge ((m —1)/2) =0, (1) =0.

(iii) There exists the unique (V) € (0, ﬁ/ﬂ) such that W (x; V,e2(V)) is
a solution of (SLP) for V€ (m — 1, m). Moreover, (V') is continuous
on [m — 1, m] by defining e (m —1) = v/m —1/7, ¢(m)=0.

We show several profiles of W (z; V, 62(17)) corresponding to (V, e2(V)) as-
sured by Theorem 1.4 in Figure 1.6.
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Figure 1.6: Profiles of W (x; 17,52) for 2 <m < 3.



Theorem 1.5 Let m > 3 be given. The following holds.

(i) There exists no solution of (SLP) for V € (0,m — 1] U [m, c0).

(i1) There exists the unique (V') € (0, \/‘T//ﬂ') such that W (z; V,e2(V)) is
a solution of (SLP) for V€ (m — 1, m). Moreover, (V') is continuous
on [m —1, m] by defining e (m —1) =+/m —1/m, €(m)=0.

We show several profiles of W (z;V,e2(V)) corresponding to (V,2(V)) as-
sured by Theorem 1.5 in Figure 1.7.
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Figure 1.7: Profiles of W (z; V,?) for m > 3.

This paper is organized as follows.

In Section 2 we give the definition for the elliptic functions and the com-
plete elliptic integrals as a preliminary. In Section 3 we state Proposition 3.1
and Theorems 3.1-3.10 which are used for the proofs of main theorems, and
give proofs of Theorems 1.1-1.5. Proposition 3.1 gives limits of m/(V,¢?) as
€2 — 0 and V/m%. Theorem 3.1 gives monotonicity of m(V,e2) in e. In
Section 4 we show Theorems 4.1 and 4.2, which represent all exact solutions
for (AP; V) and an expression of m(V,2). In Section 5 we show a proof of
Proposition 3.1. In Section 6 we give a proof of Theorem 3.1 by using Propo-
sitions 6.1-6.6. Propositions 6.1 and 6.2 give the expression of dm(V,2) /e
by using parameters h and s. Propositions 6.3 and 6.4 give properties of
J (h, s) whose positivity gives negativity of dm(V,e?)/de. Propositions 6.5
and 6.6 give that 07 (h,s)/0s has the unique zero. In Section 7 we give a
proof of Proposition 6.6. In Section 8 we explain the existence and unique-
ness of secondary bifurcation point, which is stated in Theorem 3.8. In

10



Section 9 we explain numerical results about the stability of solutions of
(SLP). Finally, we show conclusion remarks in Section 10.

11



2 Preliminary

In this section, we give the definition for the elliptic functions and the
complete elliptic integrals which are used in this paper. Let sn(z, k) and
cn(zx, k) be Jacobi’s elliptic functions. The following properties holds:

dé (-1<z2<1, 0<k<1),

1
V=), e
sn’(z, k) +cn’(z, k) =1, cn(0,k) =

Let k£ € [0,1) and —1 < v < 1. The complete elliptic integrals of the
first, second and third kind are defined by

/\/1 k:2t2\/1 / 1—kj2tg b

and
1

1
(v, k) := dt,
(v, k) /0 (14 vt2)V/1 — k2621 — 12

respectively. We see that K (k) is monotone increasing in k,

T
K0)=—, limK(k)=
(0)= 3, lm K(k) = oo
and F(k) is monotone decreasing in k,
T .
B0)="7, lm B(k) =

We show graphs of complete elliptic integrals.
K®) (k) ’ D
5 4\
1

0 k() ko k
0 1 0 1 0 1

o

Figure 2.1: complete elliptic integrals K (k), E(k) and I1(3/4, k).

The following formulas for the complete elliptic integrals are fundamen-
tal:

d E(k K(k d E(k Kk

ar k) = (1—(kg)k /E:)' dkE(k)zl(f)_l(f)'

D gy — — FER) LGk

ok (2 +v)(1—k2)  K+v

D o = MR KO E(h

o 7 2+ ) (k2 +v)v 20+ 20+ ) (k2 +v)

12



d _EWh) -1 -mKKh)  d _ E(h) - K(Vh)
%K(‘@ - 2h(1 — h) %E(\@ - 2h

d _ E(W1-H?)— H?K(V1- H?)
K (/T ) = T ) -

d _ H(K(V1-H?) - E(1- H?)
Bl 1 - H?) = — 5 .

It is easy to see that the following inequalities hold.

Lemma 2.1 It hold that

E(Vh) h
\/1—h<K(\/E)<1—§<1 (0<h<1), (2.1)
and
H<E(”1_H2><1+H2<1 (0< H<1). (2.2)

K(V1- H?) 2

We show graphs of inequalities (2.1) and (2.2).

1

L h
2
E(Wh)
K(h)
1-h
0 h
0 1

Figure 2.2: Profiles of inequalities (2.1).
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1+ H?

EG1-H?)

KW1-H?) H
0

0

Figure 2.3: Profiles of inequalities (2.2).
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3 Key theorems and proofs of main theorems

In this section we show crucial results of the paper which are basis of

Theorems 1.1-1.5.
3.1 Properties of global bifurcation sheet
The function m(V,e?) defined by (1.12) has the following properties.

Proposition 3.1 Let V € (0,00) be fized. The following holds:
(3.1)

(i) m(V,e?) >V +1 as €2 — V/n2

(i) For V €(0,1), m(V,e?) -2V +1 as & — 0.
(iii) For Ve (1,00), m(V,e?) =V as &2 —=0. (3.3)

The following theorems are the most crucial results of the paper.

Theorem 3.1 Let m(V, €2) be the function defined by (1.12), and V > 0

be fixed. It holds that
o . )
OV, &) ) for e 0.V with 7 e (0,1), (3.4)
Oe 2
Om(l, 52) _ 2
=0 for € (0, ), (3.5)
~ 2 ~ 5
am(;/gvff) >0 for £2¢ <0, V;) with Ve (1,00).  (3.6)
T
7 e(0,1) V=1 Vel «)
be fixed W be fixed
rr 2
. S| m(l,e?) | m,E7)
m(V, c? ) A !
_ 26— 7
; 1
7
0 0 [AR v

Figure 3.1: Graph of dm(V,&?)/0e.
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As applications of Proposition 3.1 and Theorem 3.1 which are prove in
Section 5 and 6, respectively. we obtain the following Theorems.

Theorem 3.2 Let 0 <m < 1 be given. It holds that
2\ LT 2 v
{m(V,s):V>O, 0<e <2}—(1,oo). (3.7)
T

Theorem 3.3 Let 1 < m < 2 be given. The following holds:
(i) It holds that

~ -~ —1
{m(v,e2) o<V <™ } = (1,m), (3.8)
{m(v,e2);m—1 <V< 1} = (m,2), (3.9)
{m(V,eQ) V> m} = (m, 00). (3.10)
(ii) There exists the unique e(V) e (0, ﬁ/w) such that m(V,e2(V)) =m
for Ve ((m—-1)/2, m—1).
(iii) There exists the unique e(V) € (0, \/‘T//W) such that m(V,e2(V)) =m
for Ve (1, m).
Theorem 3.4 Let m = 2 be given. The following holds:
(i) It holds that
-, 1
m(V,e?):0<V < 50— (1,2), (3.11)
{m(f/,gz) V> 2} = (2,00). (3.12)

(ii) There exists the unique e(V) € (0, ﬁ/ﬂ) such that m(V,e2(V)) =m
for Ve (1/2, 1).

(iii) For V = 1, there exists no solution of (SLP) for ¢ € [1/m,00), and
there exists the unique solution W (x;1,2) of (SLP) for e € (0,1/m).

(iv) There exists the unique e(V) e (0, \/17/77) such that m(V,e2(V)) =m
for Ve (1, 2).

16



Theorem 3.5 Let 2 < m < 3 be given. The following holds:
(i) It holds that

{m<v,52):0<f/< m2—1} = (1,m), (3.13)
{m(V,eQ) 1<V <m-— 1} = (1,m), (3.14)
{m(f/,52) V> m} = (m, 00). (3.15)
(ii) There exists the unique e(V) € (0, ﬁ/ﬂ) such that m(V,e2(V)) = m
forVe((m—-1)/2, 1).
(ii) There exists the unique (V) € (0, \/‘T//ﬂ') such that m(V,e2(V)) =m
forV.e (m—1, m).
Theorem 3.6 Let m > 3 be given. The following holds:
(i) It holds that
{m(v,€2)10<‘7<m—1}:(1,m), (3.16)
{m(v,eZ) V> m} = (m, 00). (3.17)

(ii) There exists the unique e(V) e (0, \/‘T//TF) such that m(V,e2(V)) =m
forV.e(m—1, m).

Theorem 3.7 Let (V') be appeared in (ii) and (iii) of Theorem 3.3. It has
the following properties.

c(V)—0 as V| mT_l (3.18)
e(V) — 3 as Vim-—1, (3.19)
e(V)—0 as V|1, (3.20)
(V) —0 as V1m. (3.21)

Theorem 3.8 Let (V') be appeared in (ii) and (iv) of Theorem 3.4. It has
the following properties.

e(V)—0 as V| %, (3.22)
e(V) — e as V11, (3.23)
(V) — e, as V|1, (3.24)
e(V)—0 as V12, (3.25)

17



where )
€4 1= =0.23529-- -,

K(Vh)y /22 - h)

and hy = 0.95285 - - - is the unique solution of

2—h EWh)
— K(\/E) —8=0, (3.26)
0<h<l.

Here, & (h,s) is defined by (4.7), K(-) and E(-) are the complete elliptic
integrals of the first and second kind, respectively.

Theorem 3.9 Let (V') be appeared in (ii) and (iii) of Theorem 3.5. It has
the following properties.

e(V)—0 as V| mT_l (3.27)
(V) —0 as V11, (3.28)
(V) — % as VIm—1, (3.29)
e(V) —0 as V1 m. (3.30)

Theorem 3.10 Let (V) be appeared in (ii) of Theorem 3.6. It has the
following properties.

)—>K2 as VIm—1, (3.31)
T

<t

&(
e(V)—0 as V1im. (3.32)

3.2 Proofs of Theorems 1.1-1.5, 3.2-3.6, 3.7, 3.9-3.10

We now gives proofs of Theorems 1.1-1.5, 3.2-3.6, 3.7, 3.9 and 3.10.
Proofs of Theorems 1.1-1.5. Theorem 1.1 follows from Theorem 3.2.
Theorem 1.2 follows from Theorem 3.3 and 3.7. Theorem 1.3 follows from
Theorem 3.4 and 3.8. Theorem 1.4 follows from Theorem 3.5 and 3.9. The-
orem 1.5 follows from Theorem 3.6 and 3.10.0

We give proofs of Theorems 3.2-3.6 by using Proposition 3.1 and The-
orem 3.1 which we prove later. It is easy to see that the following lemmas
hold.

18



Lemma 3.1 Let V >0 and m > 0. The following equivalence holds:
(i) It holds that

{V+1<m<2V+L 5 <V<m-—1,

0<‘7<17 0<‘~/<1’

-1 N
<:>max(0,mQ> <V <min(l,m-1).

(ii) It holds that

f/<m<‘7—|—1, o m—1<f/<m,
vV >1, vV >1,

s max(1,m—1) <V <m.

Lemma 3.2 Let D,, be defined by

-1
Dy := <max <0, m2> ,min (1,m — 1)) U (max (1,m —1),m).
Then it holds that

Dp=0 for 0<m<1,

-1
D = <mz,m—1>u(1,m) for 1<m <2,

1
Dm:<2,1>u(1,2) for m =2,

m—1
Dm:<2,1)u(m—1,m) for 2<m <3,
Dy =(m—1,m) for m > 3.

Proofs of Theorems 3.2-3.6. We obtain conclusions of Theorems 3.2-3.6
by using Proposition 3.1, Theorem 3.1, Lemma 3.1, Lemma 3.2 and (1.14).0

Proofs of Theorems 3.7, 3.9 and 3.10. We see from Proposition 3.1,
Theorem 3.1 and Dini’s Theorem that m(V, €?) is continuous on G \ {(1,0)}
by defining



where

ﬁm‘ <

G- }

—{(f/, 82)1‘720, 0<e2<
Thus we obtain conclusions of Theorems 3.7, 3.9 and 3.10.0

We will give a proof of Theorem 3.8 in Section 8.
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4 All exact solutions for (AP; f/)

In this section, we show all exact solutions for (AP; V) and an expression
of m(V,&?) defined in Section 1.

4.1 Representation formula
We show two theorems.

Theorem 4.1 Let V > 0. There exists a solution of (AP;V), if and only if
(V, €%) € G, where G is defined by (1.8). Moreover, the solution is unique
and it has properties (1.9) and (1.10).
The solution W (x; V', €?) is represented by
- V42
W(z,V,e?) = T+
1 ¥ ¥ ﬂ'(l—hS)SHZ(K(\/E)J}’ \/E)—I—CV'CDQ(K(\/E)(L', \/E)
+ V2V 41 ,
V3 (1= hs)sn2 (K (Vh)z, V) +en2(K (VR)z, Vh)

(4.1)
3hs?—2(1+h)s+1
a:=alh,s) = ;
V/3h2st—4(h2+h)s3+ (4h2+2h+4)s2—4(h+1)s+3
(4.2)
—hs?—2(1—h)s+1
B = B(h¢ 8) = ( )

B2 —A(h2 )3+ (4h2 +2h+4) 2 —A(h+1)s+3
(4.3)

where (h,s) = <h(f/,52),s(f/,52)> is the unique solution of the following
system of transcendental equations

(Sh,s :\[';, .

N e (84)

(B) 4 Ah.s) = 1 '(1—17)(217+1)(17j2)7 (4.5)
W (VT )

0<h<l1l, 0<s<l, (4.6)

where

E(h.s) = \/23(1—3)(1—Sh)/K(\/H) (47)
" /3h2sT—4(h2 4 h)s3+ (4h24+-2h+4)s2 —4(1+h)s+3 '

2(hs?—2sh+1)(hs?—2s+1)(1—hs?)
.
(\/3h234—4(h2+h)s3+(4h2+2h+4)s2—4(h+1)s+3)

A(h,s) == (4.8)

Here, sn(-,-), cu(-,-) are Jacobi’s elliptic functions.
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Theorem 4.2 Let W (xz;V,e2) be the unique solution of (AP;V ), and m(V,
€2) is defined by (1.12). Then (1.13) and (1.14) holds.
Moreover, it holds that

’ITL(V, 52) = 4V3+ 2 + % TV f/2 + f/—i_ L M(h,S), (49)

M(h,s)
—(hs® = 2(1+ h)s + 3) + 4(1 — s)(1 — sh)II(—sh, Vh) /K (V)

V/3h2st —4(h? + h)s3 + (4h? +2h +4)s2 —4(1 + h)s + 3
(4.10)

where h = h(V,e?), s = s(V,e?) are given in Theorem 4.1. Here, TI(-,-) is
the complete elliptic integral of the third kind.

We show graphs of A(h, s) and £(h, s) with level curves in Figures 4.1 and
4.2.

Figure 4.1: Graph and level curves of A(h, s)
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Figure 4.2: Graph and level curves of £(h, s)

4.2 Proofs of Theorems 4.1-4.2

We prepare several propositions to prove Theorems 4.1 and 4.2.
We will use results in Kosugi, Morita and Yotsutani[3]. We see from
Proposition 1.1 and its proof in [3] that the following lemma holds.

Lemma 4.1 Let E > 0 and A be constants. Then all the solution of
Fupp —ud+u—A=0 1in (0,1),
uz(0) = ug (1) =0,
ugz(z) >0 in (0,1)

are represented by two parameters (h,s) with0 < h <1 and 0 < s <1 as
follows.

B-(1—hs)sn?(K (vVh)z, Vh)+a-cn?(K (Vh)z, Vh)
(1—hs)sn2(K (vVh)z, Vh)+c?(K(Vh)z,Vh)
a:=a(h,s), p:=p8(h,s), (4.12)

where a(h,s) and B(h,s) are defined by (4.2) and (4.3), and (h,s) is a
solution of the following system of transcendental equations

u(z;h,s) = (4.11)

E(h,s) =E, (4.13)
A(h,s) = A, (4.14)
0<h<l, 0<s<l, (4.15)
where E(h, s) and A(h, s) are defined by (4.8) and (4.7) respectively.
Moreover,
1

/ u(z)dx = M(h,s), (4.16)

0
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where M(h, s) is defined (4.10).

Proposition 4.1 Let W (z) be a solution of (AP;V ), and

u(z) ==

where

Then u(x) satisfies

V3

— (A
\/)\2—/\+1<

- ()

2
<\/§€ ) Upy — u° +
VViiv 1)
1 (1-V)QV+1)(V+2) .
. =0 in (0,1),
W (Vi)
uz(0) = ug(1) =0,
tug(x) >0 in (0,1),
and
V + 2 1 ———— !
/W \/g-\/V2+V+1/Ou(x)dx
Proof. Let us put
U(zx) := ‘I;V(:E)
+1
We get
(eN)2Upe + U(L = U)U = X\) =0 in (0,1),
Uz(0) = Ug(1) = 0,
Uz(z) >0 1in (0,1),
and . L
/0 W(z)dxr = )\/0 U(z)dz,
where A = 1/(V +1).
We further introduce u(x) by
o U@ =42 v
= . , = 7 .
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(4.22)



We have

U(z) = cu(x) + ;

wl >

and obtain

2
(tﬁ gy LA DO)

=0 in (0,1),
W3 (veasi)’
ux(O) = Uz(l) =0,
ug(z) >0 in (0,1),
and 1 1 1 1+ A
/OW@)C””:A(/O udz +3>'
Hence, we get
& Upy — U3 + 1
\/m Tx
LA=2@-DO+D 5 50,

WB o (veara)
uz(0) = uz(1) =0,
uz(z) >0 1in (0,1),

[ e = 3 (P [uars ).

Therefore, we obtain

and

2
<\f5> Uy — u> + 0
VViav1)
1 (1=V)RV+1)(V +2)
WB (Vv
uz(0) = uy (1) =0,
( ug(xz) >0 in (0,1),

=0 1in (0,1),

and .
V—|-2 1 = =
W (x -\/V2+V—|—1/uxdm
/ \/3 0
O

The following proposition immediately follows from Lemma 4.1 and
Proposition 4.1.
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Proposition 4.2 Let V > 0. There exists a solution W (x) of (AP;f/),ff
and only if (E) has a solution (h,s). For the solution (h,s) of (E), (AP;V)
has a solution in the form (4.1) with (4.2) and (4.3).

The following proposition is crucial for the proof of Theorem 4.1. We
will give a proof of it in Subsection 4.3.

Proposition 4.3 Let vV > 0. There exists a solution (h,s) = (h(V,&2),
s(V,e?) of (E), if and only if (V,e?) € G, where G is defined by (1.8).
Moreover, the solution is unique.

We obtain following proposition by Lemma 4.1 and Proposition 4.1.

Proposition 4.4 Let V > 0, ¢ > 0, (h,s) = (h(V,e2),s(V,e%)) be the
unique solution of (E), W (x; ‘7,62) be the unique solution of (E) in the
form (4.1) with (4.2) and (4.3), and u(x) be defined by (4.17) and (4.18)
with W (z) = W(x; V,e2). Then

/1 w(@)de = M(h(T7,22), s(V,2)), (4.23)
0
where M(h, s) is defined by (4.10).

Now, we give a proofs of Theorems 4.1 and 4.2.

Proof of Theorem 4.1. We see from Propositions 4.2 and 4.3 that con-
clusions hold except (1.10).

We see that
_ _ 2
V+1—V-W(1—m;},f)
vV V2

is a solution of (AP; V). Thus, we obtain (1.10) by the uniqueness of
solutions of (AP;V). O

Proof of Theorem 4.2. We obtain conclusions by (1.13), Propositions
4.1, and 4.4. O
4.3 Proof of Proposition 4.3

We have the following lemma by Lemma 3.2 and the proof of Lemma 3.4
in [3].

Lemma 4.2 Let E(h,s) be defined by (4.7). The derivative of E(h,s) with
respect to s satisfies

9 0,1
—&(h,s){ =0, s=oa(h), h€10,1), (4.24)
Os 0.1



where o(h) :=1/(14++/1—h). Moreover,

1
d
& a(h)) <0 for he[0,1),

and
£(0,0(0)) = % Elh,o(h)) — 0 as h — 1.

In addition,
2¢/2s(1—s)

TAs?2 —4s+3
We show graphs of 0€(h, s)/0s in Figure 4.3.

£(0,s) =

(4.25)

(4.26)

(4.27)

(4.28)

0

Figure 4.3: Graph of 9€(h,s)/0s

We have following lemmas.
Lemma 4.3 Let
r(v) = \/_§ (1=v)2v+1)(v ;l— 2).
Y (verEeEd)

Then r(v) is monotone decreasing in (0,00) and

r(0) 9 r(1)=0, r()— =g AU
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Proof. It is obvious from

dr(v) _3\/§ . v(v+1)

o 2 (viEres1)

a
We show graph of r(v) in Figure 4.4.

23
9
0.3
0.2
0.1
0 \%
5 10 15 20
-0.1
-0.2
-0.3
2B
9
Figure 4.4: Graph of r(v)
Lemma 4.4 Let A(h,s) be defined by (4.8). Then
2 2
A(h,0) = \9/3, A(h,1) = g/g for all h € [0,1),

As(h,s) <0 forall (h,s) € (0,1) x (0,1).

We show graphs of As(h, s) in Figure 4.5.
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Figure 4.5: Graph of A(h, s)

Proof. It is easy to see (4.32).
We will show (4.33). We have

32s(1—s)(1 —hs)- f(h,s)

ASZ_ 5/2’
(s2(3s2—4s+4)h?—25(2s2—s+2)h+4s2—4s+3)
(4.34)
where
f(h,s) == (h? = h+1) h?s* — 2 (h + 1) h?s® + 6h*s”
~2(h+1)hs+h?>—h+1. (4.35)

We may show that
f(h,s) >0 forall (h,s)e (0,1)x (0,1). (4.36)
We show graphs of f(h,s) in Figure 4.6.

Figure 4.6: Graph of f(h,s)
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We will show that f(h,s) has no critical point in (0,1) x (0,1). We get

fu(h,s) = —4h3s* + 3h%s* + 6 h%s3 — 2hs* + 4 hs® — 12 hs?
+4hs —2h+2s+1,
fs(h,s) = —2h(2h%s® —2h*s® — 3h*s® + 2hs® —3hs® + 6hs —h —1).

By virtue of the Euclid’s algorithm, we have
(h2 = h+1)? fo(h, s)

_ G (2= h +1) (4h2—3h+2)3+i(7h2_7h_2)> ~fi(h, 5)

(1 - h) : f2(h7 8)>

=

_l’_

h(h? +5h—2)° fi(h, s)
_ (—gh(hQ—h+1) (h? +5h —2) s

16 . 4. 43, 208 . 1. 22 8
e e i) oy 1 gy - fa(h
g1 Tl T T 3" —ophtgp ) Folhs)

8 (B2 = h+1)%- fs(h, s),

T
(16h° — 424 + 117h* — 178h° + 75h% + 4)° - fa(h, s)
= (—9h (h? + 5h — 2) (16h° — 420" + 117h* — 17843 + 75h% + 4) s
+ 128h19 — 640R° + 18488 — 4731h7 + 4860h° + 1860h° — 1152h*
—2697h® + 1632h* — 100k — 16) - f3(h, s)
—81h - (h? +5h —2)% - f4(h),

where

fo(h,s) == fa,

fi(h,s) := 2h3s> — 2h2s® — 3h?s? + 2hs® — 3hs® 4+ 6hs — h — 1,

fa(h, ) :== —9h (h* + 5h — 2) s* + (8h* — 10h® 4 60h* + 2k — 4) s
—8h* +12h% — 27h% + h — 6,

f3(h, ) = (16h® — 42h° + 117h* — 178h% + T5h* +4) s
— 16h° + 28h° — 133h* + 233h% + h? — 79h + 6,

fa(h) := 32h° — 128h® 4 376h" — 845h° + 730R°

+ 129h% — 22703 — 114h2 + T7h + 2. (4.37)
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Thus, fi(h,s) =0 and fs(h,s) = 0 implies
(h* +5h —2)* fa(h) =0, fs(h,s) =0
note that
fa(h) >0 forall he(0,1) (4.38)

which we will show in Lemma 4.7 in this section.
Thus, we obtain

h? +5h—2=0, (—121824h+ 45360)s + 114264h — 42552 = 0,

which implies from 0 < h < 1

_ —5+/33 _17+\/§>

h 2 T T

1.

This contradicts to s € (0,1). Therefore, f(h,s) has no critical point in
(0,1) x (0,1).
Let us check values of f(h,s) on the boundary. We have

f(h,0)=h?>—~h+1>0, f(h,1)=(h>—h+1)(1-h)?>0,
f0,5)=1>0, f(l,s)=(1-5)">0,
for 0 < h <1, 0<s < 1. Thus we complete the proof. O

Lemma 4.5 Let V > 0 be fixed. There exists a unique curve

s(h; V) € C(]0,1)) N C>((0,1)) (4.39)

such that
A(h, s(h; V) = 3\1/§ a ‘(V)‘SV ;1)(1/ 2 0 V) <1 (4.40)

+V+
Moreover, B
S(0;7) = £ = v (4.41)
2 \/5\/(1/ +2)(2V +1)
and

s(hi1) = m}ﬂ (0<h<1). (4.42)

Proof. We obtain the existence and uniqueness of s(h; V) by Lemmas 4.3
and 4.4. The assertion (4.39) is obtained by employing standard implicit
function theorems.
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We will show (4.41). By the construction of s(0;V), it is the unique
solution of

2(—25+1) 1 1-V)QV4+1)(V+2)

(452 — 4s + 3)3/2 B 33 (1”/2 LTV 4+ 1)3/2

We can obtain the solution exactly, and get (4.41).

We will show (4.42). By the equation (4.40), We obtain A(h, s(h; 1)) = 0.
We can obtain the solution exactly, and get (4.42). O

Let us show that £(h, s(h; V)) is decreasing in h.

Lemma 4.6 Let E(h, s) be defined by (4.7), and s(h; V) defined in Lemma
4.5, then for each fixred V > 0,

£(0,5(0;V)) = . \/% (4.43)
E(h,s(h;V)) — 0 as h — 1, (4.44)
(4.45)

Figure 4.7: Graph of d€(h,s(h; V))/dh

Proof. We obtain (4.43) by (4.41) and

L V2ys(1—s)
£(0,5) = 2— et (4.46)
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We obtain (4.44) by Lemma 4.2.

We will show (4.45). Let us denote s(h; V') by s(h) or s, since V is given
and fixed.

It holds that

d€(h,s(h)) ds(h)
an CatE g
and 4 (h)
S
Ah + AS dh - O.

Hence, we get

(4.47)

We have (4.34),
Ay = —165% (1 — 5)* (1 — hs) {s°h* + (=25° + 35> —3s +2) h — 1}
/ ((354 — 453 + 482) h? + (7453 + 252 — 4s) h + 4s® — 45 + 3)5/2 ,

Es =3 (hs* —2hs+1) (hs* —2s+1) (1 — hs?)
/ (V25 (0=5) (L= hs)K(VR)

(35" — 4% + 45%) h? 4 (—4s° + 25 — 4s) h + 4s® — 4s + 3)3/2) ,

& = (5(1—3)(1_h5)
(35"~ 453 +45?) W2+ (—45> +25? —4s) h-+4s® —4s+3) E(Vh)
—s(l—s)(1—h)

((s* +25°) h? + (—85® + 85% — 65) h + 45 — 4s + 3) K(\/ﬁ))
/ (fh (1—h)/2s(1— ) (1— hs)K (Vh)?

. ((334—433—1—432) h? + (—433 + 9252 — 43) h+ 4s®—4s + 3)3/2> .

Thus, we have
AEn — E A =
(8\@(1 — hs)2s? (1 — 3)2) (2f(h, $)E(VR) — P(h, S)K(\/ﬁ))
/(U= R (35" = 45 4 45%) 2 o (45 + 252 — 4s) B+ 457 — 45+ 3)

K(WVR)2s(1—s)(1— hs)) , (4.48)
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where f(h,s) is defined by (4.35),

P(h,s) = s*h* + (—354 +4s5° — 682) h3
+ (25" —4s® + 65> +4s+ 1) B® + (—4s — 3) h + 2. (4.49)

We show graphs of P(h,s) in Figure 4.8.

Figure 4.8: Graph of P(h, s)

We note that (4.36) holds, and
E(Vh) = K(VR)WI—h>0 for he (0,1),

which is easy to prove by differentiation.
Thus we may show

2f(h,s)V1 —h— P(h,s) >0 in (0,1) x (0,1). (4.50)
Now let us put H := /1 — h, that is, h := 1 — H%. We get

f(l—H?s)=—s"H®+ (35" — 25°) HO + (—4s* + 85> — 65> + 25 — 1) H'
+ (357 —10s® +125* — 65 + 1) H? — s* + 45> — 65 + 45 — 1,
P(1—H? s)=s'H® + (—s* — 45® + 65%) H"
+ (—s"+85° — 125 +4s + 1) H*
+ (s —45° + 65> —4s + 1) H*.

Therefore, we obtain

2f(1— H? s$\H — P(1—H? s)=H(1—H)*F(H,s),
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where
F(H,s):=(2H*+3H +2) (1 - H)*(H + 1)*s*
—4(H+2)1—H)(H+1)?*s®

+6(2—H)(H+1)?s>—4(H+2)(H+1)s+2H? +3H +2
(4.51)

We show that
F(H,s) >0 in (0,1) x (0,1). (4.52)

in Lemma 4.8. Thus we complete the proof.O
We show proofs of Lemma 4.7 and 4.8 which we used in the proofs of
Lemma 4.4 and 4.5, respectively.

Lemma 4.7 Let fi(h) be defined by (4.37) then (4.38) holds.
We show graphs of fy(h) in Figures 4.9.
12

10

0 0.2 0.4 0.6 0.8 1

Figure 4.9: Graph of f4(h)
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Proof. We obtain a Sturm’s sequence for f; as

sts(h) :=
A7 ;845 365 129 227 57 77 1
RO —ah 4+ BT — SRS 4 o Rt T3 R e —
4 32 16 32 32 6" T3 1
32 329 845 1825 43 227 19 77
8 7 6 5 4 3__22'y2 -9 _
h h * 36 36" 48 " 144 T 24}’ 96 h 24h”+ 288’
12287 375 20405 5097 4953 579 235
7 6 5 4 3 2
— TR Ty - TR Ty -
o+ 2672 h 167}L 2672 o+ 1336}L 1336 334" 1336’
¢ 3125840 . 6762557, 7518526 .
—h8+

1324671 9272697 9272697
183914 , 2201704 66574

9272697 +9272697 9272697
5 622141845373, 145639869262 5

277036662631 277036662631
516971097161, 87880085542 28239941389

554073325262 +277036662631 +_554073325262’
4 90516367775371319 5 19264738753473027 ,

42533564212819048 2501974365459944
180588941858621041 1110296803852637

42533564212819048 Jr_42533564212819048’
3 9250859961208875229383  ,

3825853394779691509547
4442508415273413102621 43719050269842056449

3825853394779691509547 3825853394779691509547
9 5383132182649020955853122 1154671177197221778475355

10900550974297099064419837 +>10900550974297099064419837’
34818171233773273986153872

51259358657813376877199485°
Let us see Strum’s sequence sts(h) at h =0 and h = 1. We have
177 235 66574 28239941389

ts(0 — ,
sts(0) = 167 2887 13367 9272697 554073325262
1110296803852637 43719050269842056449
42533564212819048 "  3825853394779691509547’
1154671177197221778475355 34818171233773273986153872
10900550974297099064419837 " 51259358657813376877199485°
and
5 112 646144 42979821136 6871497720760336
sts(1) = |1,

9’ 1677 9272697 277036662631° 5316695526602381"
1026217201425612673664  4362747614450856330091360

3825853394779691509547°  10900550974297099064419837
16441187424040102891045613

 51259358657813376877199485° |
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which implies tsc(0) —tsc(1) = 4—4 = 0. Thus, f4(h) = 0 has no real root in
h € (0,1) by Strum’s theorem, and (4.38) holds in view of f4(0) =2 > 0.0

Lemma 4.8 Let F'(H,s) be defined by (4.51) then (4.52) holds.

We show graphs of F/(H,s) in Figures 4.10.

Figure 4.10: Graph of F(H,s)

Proof. It hold that
1 (1-H)(2H*+3H+2)s+ H +2
4 (1-H)(2H? +3H +2)
o2 (=) (2H? + 3H +2)° s
R H3

Fy = By — Fy,

(2H*+3H +2) (1 - H) (H +2) (2H* — 1) P
(H+ 1) H3 s a2 = I3,
H?(H+1)((H*—1)s+2H +1)

FZZQ' 3 - F3 — Fy,
2 1-H)(2H2+3H+2)"(2H +1)(H +2)
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where
Fy:=F,
Fii=F, = 4(H+1) ((2H2+3H+2) (H+1) (1—H)? s®
C3(H+2) (H+1) (1—H) s2+3(H+1) (2—H) s—(H+2)),

2(3(1—H)(H+1)252—3(H—|—1)(H+2)s+2H2—|—4H+3>H3

Fy =
2 (1— H) (2H? + 3H +2) ’
P (2H +1)(H+2) (2H*+3H +2) H ((H +1)s — 1)
37773 H+1 ’
4H4
Fpi= .
2H? 4+ 3H + 2

Thus, we obtain a Strum’s sequence for F' in s as
STS(S; H) = [FQ, Fl, FQ, F3, F4]
We note that,
Fo(H,0) =2H?*+3H +2 > 0,
Let us see Strum’s sequence ST S(s; H) at s =0 and s = 1. We have
STS(0; H) :=
2H3 (2H? + 4H + 3)

(1-H)(2H? 4+ 3H +2)’

H(2H + 1) (H +2) (2H?* + 3H + 2) 4H*
H+1 " 2H?2+3H +2

2H? +3H +2, —4(H +1)(H + 2),

4
3

and

STS(1; H) :=
2H* (3H? + 4H + 2)
(1—H)(2H? + 3H +2)’

4 H?(2H+1)(H +2) (2H? + 3H +2) 4H*
3 H+1 " 2H? +3H +2

H* (2H*+3H+2), 4H*(H + 1)(2H + 1), —

Now, let us count times of sign changing T'SC(s). For 0 < H < 1, we
have
and TSC(0) — TSC(1) = 2 — 2 = 0, which implies that F(H,s) = 0 in
s € (0,1) has no real root by Strum’s theorem, and (4.52) holds.
Therefore, F/(H, s) has no critical point in (0,1) x (0,1). We may check
values of the boundary. We have
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S Fo F1 F2 Fg F4 TSC(S)
+ -+ |+ ]+ 2
L+ +]-]-1+4+ 2

F(H,1)= H*(2H? + 3H +2)

F(H,0)=2H?+3H +2 >0,
F(1,s) = 24s% — 245 +7 > 0,

F(0,5) =2(s—1)* >0,
for 0 < H <1, 0 < s < 1. Thus we complete the proof. O
Proof of Proposition 4.3. First, we note that

0< L < £(0,5(0;V))
V24V 41
is equivalent to

3 3VV
0< N\ﬁi < f\f :
VVZHV +1 aV V24V 41

that is,
v
O<e< —.
T

Thus we complete the proof by Lemma 4.6.0
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5 Limit of m(V,¢&?)

In this section, we give a proof of Proposition 3.1, which show limits of
m(V,e?) as €2 — 0 and €2 — V /72
5.1 Limit of m(V,&?) as €2 — V /72

~ We will show (i). Let V e (0,1) be fixed. We note that (f/,;:?) N
(V,V /7?) corresponds to

R (e e B
+ +

by Lemma 4.6 and (4.41). Hence we get m(V,e?) =m(V,V/r?) as 2 —
V /7% and

- VY 4AV+2 1 = N
m(V,W2>:+—I— VV2Z4V +1-M(0,s(0;V))

3 V3

W+2 1 ———— 1—2s(0;V
_ V3—|— L it iv 41 i s(O,V)~

\/g \/45(0; V)2 —4s(0;V)+3

4V 2.1 1=V
_ &+ Ny

ZRNING: \f VVZ4V 41
=V+1 (5.2)

by (4.10) and (4.41). Thus we obtain (3.1) in view of (1.13) and (1.14).

5.2 Limit of m(V,e?) as €2 — 0

We will show (ii). Let V € (0,1) be fixed. We see that (V,e) — (V,0)
corresponds to

(h, s(h: 7)) = (1,5(1; 7)) (5.3)
by Lemma 4.6 and (4.40), where s(1; V) is the unique solution of
A(L,s) =r(V), (5.4)
and 0 < s(1; V) < 1, where

2(1—s)*(s+1)
(352 — 25+ 3)%?

AL, s) = (5.5)
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and r(v) is defined by (4.29). In fact, it holds that

A(1,0) = 2‘9/§, A1,1) =0, 0<r(V)< == (5.6)

and A(1, s) is monotone decreasing in s € (0, 1).
By solving (5.4), we obtain

IV (V +1)s% = 2(7TVE 4+ 7V +4)s + 9V (V + 1) = 0, (5.7)

and

TV2 47V +4-202V +1),/@V +41- V)

s(LV) = OV (V + 1)

. (58)

since

AL, 5)2 = r(V)?
9Vs? + (8V2 + 2V + 8)s + 9V
T 27T(3s2 — 25+ 3)3(V2 + V + 1)3
((OV +9)s? — (8V? + 14V + 14)s + 9V +9)
SOV + 1)V = 2(TVE 47V + 4)s + 9V (V + 1))
9Vs? + (8V2 + 2V + 8)s + 9V
T 27352 — 25 + 3)3(V2 4+ V + 1)3

( - (S14172+717+7>2+(1617+8)(1V)(V+2)2)

9V +9 . .
( ) 9 V41 9V +9
SOV +1)Vs? = 2(TVZ + 7V + 4)s + 9V (V + 1)). (5.9)

We have

, . s(LV) +1
lim M(h,s(h,V)) =
h—1 \/33(1;‘7)2 —28(1;‘7)4-3
. 3s(1;V)2—2s5(1; V) +3
= A1, s(1;V)) - 21 S(L7)?
1 1-V)QV+1)(V+2)(3s(1;V)2—2s(1;V) +3)

e V2V + 1321 — s(1;,1))2 (5.10)

by 0 < s(1;V) < 1 and

i (L= Bl VNI (—hs(h; V), VR)
h—1 K(\/ﬁ)

=1. (5.11)
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Hence

lim m(V,e?) = V2 + 1 VV24V 41 lim M(h,s(h,V))
e—0 3 \/3 h—1
AV +2 1 —
_ &+ +—=-VV24+V +1
3 V3
1 1-V)QV+1)(V+2)(3s>—2s+3) - -
. . = = - 2V+1D)+ 2V +1
(6\/3 (V2 4V 41)3/2(1 — 5)2 ( )+ )
| 2V+1) (9V(V+1)s2—2(7x72+717+4)s +917(V+1)) )
__ 1 M . +(2V+1)
18 (V24+V+1) (1-5)
=2V +1 (5.12)
by (5.10) and (5.7), where s = s(1; V). Thus, we get (3.2).
We obtain (iii) by (ii) and (1.13).0
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6 Monotonicity of m(V,e?)

In this section, we give a proof of Theorem 3.1, which we show mono-
tonicity of m(V/, 52) in e. We prepare several propositions to prove Theorem
3.1. We will give proofs of them in subsequent sections.

6.1 Proof of Theorem 3.1

The following properties shows the expression of dm(V,e2)/de. Let
M(h, s), E(h, s) and A(h, s) be defined by (4.10), (4.7) and (4.8) respectively,
s(h; V) is defined in Lemma 4.5.

Proposition 6.1 Let V > 0 be fized. Then, m(V,e?) satisfies the following
equation ~
om(V,e?) M- Ap — My, - A

o dE(h, s(h; V)’
As - dh

(6.1)

where
As(h,s)

=32 (DKQ)_E)/2 s(1—=s)(1—hs)

(R = h+1) h*s* —2(h+ 1) B®s> + 6h%s* —2(h + 1) hs + h* — h + 1),
(6.2)

Ap(h,s)

= —16 (DX2) 7% 2 (1-5)% (1—hs) (%02 + (25" 4352~ 854+2) h—1),
(6.3)

M(h,s)

— 941 (DKQ)—3/2 KR

(=8 (1=hs?) (hs?~2hs+1) (hs>~2s + 1) T(~hs, VR)+s - D2 E(VA)

- (hs? =25+ 1) (2026° = hs® — hs? — 4hs + 257 — 5+ 3) K(Vh) ), (6.4)

My (h,s)

= 2h (1= )L (DK TP K(VR) 2 (1 - 5) <(— (1 - hs)-DE2. E(Vh)
(1= ) (h2s" + 2025 = 8hs + 8hs? — Ghs + 45 — 45+ 3) K (V) )
II(—hs,Vh) + DX? . E(VRh)K(Vh)

—(1—h) (h*s* —4hs® +4hs® —4dhs +4s* — 45+ 3) K(\/E)Z), (6.5)
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DE2(h,s) := (354 — 453 + 452) h? + (—483 + 252 — 4s) h + 45% —45+3.

(6.6)

Moreover, it holds that
DX2(h,s) >0 (0<h<1l, 0<s<l1), (6.7)
A - dS(h,;éh,f/)) > 0. (6.8)

Proof. Let V > 0 be fixed. Then s = s(h; V) by lemma 4.5. By the
equation of (1.12), we get

dM(h,s(h; V)

om(V,e*) dh
Oe B 5 Ue
V24V +1 9h

Now, it hold that

d(h,s(h; V) 3 e
dh SV V24Vl On

dM(h,s(h;V)) ds(h; V)
dh =Mut M- =g
and -
Ap + As - W =0.
Therefore,
3m(V,52) __./\/ls'Ah—./\/lh'As (6.9)
de . GE(h,s(hs V) '
s dh

Thus, we get (6.1).
We have (6.7) by

252 — s+ 2 2
DKQ(h, 8): (354—453+482) (h — 3(332—434—4))
8(s2—s+1)(s—1)°
+ ( )( ) > 0.

3s2 —4s+4
We have (6.8) by Lemmas 4.4 and 4.6. Thus, we complete the proof. O
Proposition 6.2 Let V > 0 be fized. Then, the following equation holds:

) | o 32s(1- $)2(1 — hs)? . NN '
M- Ap — My, - As = h(l ~ h) (DK2)3 ] K(\/E)2 (1 — 3)(1 — Sh) 7

(6.10)
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where
N(h, s) = (234h4 — (25" + 45%) 1?
4 (257 —45° 4+ 1252 — 45 +2) K2 — (ds+ 2) h + 2)E(x/ﬁ)
— (s* + (=3s" + 45" = 657)

4 (25 —45% 4+ 657 + s+ 1) B2 + (—4s — 3) h+ 2)K(\/E),

(6.11)
J(h,s) = —~ (1= 3;1 —sh) -TI(—hs, Vh)

(1-s)(1-sh) NKEK(VR)ENWR) + NF2K (Vh)?

+ s AT :
(6.12)
NEE(n sy := —h3s® — h%s® + 6h2s> — 3h%s + 2h? — 3hs — 2h + 2, (6.13)
NE2(h,s) := (1 — h) (h*s® — 3h?s* + 3hs + h — 2). (6.14)

Moreover, it holds that

N(h,s)>0 (0<h<1, 0<s<]1). (6.15)

Figure 6.1 shows graphs of N (h,s) (0 <h<1,0<s<1).

Figure 6.1: Graphs of N(h, s)
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Proof. We have (6.2) - (6.5). Multiplying M, by Aj. we get
M, Ay
=325(1— )" (1 — hs) (h®s® —2hs® + 3hs® —3hs+2h —1)
(3 (hs? =1) (hs® = 2hs +1) (hs® — 25 + 1) I(~hs, V)
+ sDR2E(Vh)
+ (hs? =254+ 1) (20755 — hs® — hs? — 4hs + 257 — 5 +3) K(V) )
(DX K (VR) L
Multiplying M), by A,. we get
My, - A,
=—4 (1—3s)(hs®*—2hs+1) (hs®* —2s+1) (1 — hs?)
(1= ns) D2 E(V)
— (1= h) (h%" + 2%" — 8hs® + 8hs? — 6hs + 45> — 45 + 3) K (V) )
TI(=hs,Vh) — D2E(VR)K (V)
+(1—h) (h?s* —4hs® + 4hs® —dhs+ 45> — 45 +3) K(\/W)
(B = 1) (D) R (VR)
Hence we obtain
M- Ay = My, - A,
325(1 — 8)%(1 — hs)?
h(1— h) (DK?2)* . K(vVh)?
: (—/\/H I(—hs, Vh) + NEB . K (VR)E(Vh) +/\/K2K(\/ﬁ)2> (6.16)

by direct calculation. Thus (6.10) is obvious from (6.16).
We show (6.15). We see from the proof of Lemma 4.6 that

2f(h, s)E(Vh) — P(h,s)K(Vh) >0 (0<h<1)
and

N (h, s) = 2f(h, s)E(Vh) — P(h,s)K(Vh)

_ E(Wh) _

= K(Vh) <2f(h, S)K(\/ﬁ) P(h,s)>
> K(Vh)(2f(h,s)v1—h— P(h,s))
>0 (0<h<l1l, 0<s<]l),
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where f(h,s) and P(h, s) be defined by (4.35) and (4.49). Thus we complete
the proof. O

We note that (V,e2) with 0 < V < 1 and 0 < &2 < V /7?2 corresponds to
(h,s) with0O<h<land0<s<1/(1++1—nh)by (4.42).

Now we investigate J (h, s). Figure 6.2 shows graphs of J (h, s) for (0 <
h<1,0<s<1/(1+vI—h)

A

Figure 6.2: Graphs of J(h,u)

The following propositions are crucial for the proof of Theorem 3.1. We
will give a proof of it in Subsection 6.2 and 6.3.

Proposition 6.3 Let J(h,s) be defined by (6.12) For each fized h € (0,1),
it holds that

lsiﬁ)lj(h, s) =0, (6.17)
1
— pu— -1
j<h’1+m) 0 (6.18)

for each fixed h € (0,1).

Proposition 6.4 Let J(h,s) be defined by (6.12). Then J(h,s) satisfies
the following equation

F(h,s)K(vVh)*
VA= 91— sh) - (VT

gj(h, s) =

s (6.19)
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where
F(h,s) := h'C*O(h,U(h))s® — 20*CT (b, U(h))s" + 2h*C"?(h, U (h))s°
— 20°CT3(h, U (h))s” +20°CT* (h, U (h))s* —2h°C"3(h, U (h))s>
+202CT2(h, U (h))s* — 2hC™ (b, U (h))s + CTO(h, U (h)),
(6.20)
CFO(hu) =2 (B —h+1)°u® =3 (2—h) (1 —h) (B2 —h+1)u?
+3 (h*—2h+2)(1—-h)’u—(2—h)(1-h)°, (6.21)
Chyu) =4 (h+1) (F* —h+1)u® -3 (1—h) (3h* —3h +4) u?
+6 (h*—2h+2)(1—h)’u— (4—3h)(1—h)*, (6.22)

CF2(hyu) =4 (4h* —h+4)u® — (1 — h) (23h% — 6 h + 25) u?
+2 (3R —4h+4) (1 —h)*u+ (3h+1)(1-h)°, (6.23)
Ct3(h,u) :== 4 (h+1) (h® + 5h + 1) u — (1 — h) (16h3 + 31 h* + 41h — 4) u*
+2 (A2 +6h—10) (1 —h)?u+ (5h+12)(1—h)*,  (6.24)
CH(hyu) =2 (B* + 203 +291% + 2h + 1) o
—(1—h) (8h*+17h* +87Th* —5h — 2) u®
— (8h%—33h?+30h+10) (1—h)* u— (2h>—21h—6) (1—h)?,
(6.25)
E(Vh)
K(Vh)
Let us consider properties of F'(h, s). Figure 6.3 shows a graphs of F'(h, s)
for 0 <h<1,0<s<1/(1++1-h))

U(h) := (6.26)

Figure 6.3: Graphs of F'(h, s)
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Proposition 6.5 Let h € (0,1) be fized. Then,

F(h,0) =C° <h, EWE)) >0, (6.27)

K(Vh)

1 N sa=nt — E(Vh)
F<h’ 1+m> T ara-n)t " (m K(\/E)> =

(6.28)
where F(h,s) is defined by (6.20),

g1(H,u) = (1+H*)u—2H?) (-(1+H*)u*+2(1+H")u— (1+ H*)H?) .
(6.29)

The following propositions are crucial for the proof of Theorem 3.1. We
will give a proof of it in Section 7

Proposition 6.6 Let h € (0,1) be fized. Then, the following equation
Flh,s) =0 <0< <1 ) (6.30)
,8) = §< ————— :
1+v1—-h
in s has the unique solution, where F(h,s) is defined by (6.20).

Proof of Theorem 3.1. We have

1
h h<1 ——— 6.31
J(h,s) >0 <0< <1, 0<S<1+m> (6.31)

by Propositions 6.3-6.6. Hence, we obtain (3.4) by Propositions 6.1 and 6.2.
We get (3.5) by (1.14). We obtain (3.6) by (3.4) and (1.13).

6.2 Proofs of Propositions 6.3-6.4

We prepare two lemmas to prove Proposition 6.3.

Lemma 6.1 Let h € (0, 1) be fized. J(h,s) defined by (6.12) satisfies
(6.17).

Proof. Let h € (0, 1) be fixed. We have

J(h,s) /s
= —/(1 = s)(1 = sh) - I(—hs, Vh)
NEE(h, s)E(Vh) + N¥2(h, s) K (Vh)

+ = 5)(1 = sh) - K(VR) s = (%)
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We note that
N(h,0) =2 (k2 —h+1) E(Wh) — (1 —h) (2 - h) K(Vh)

> (2 (W= h+1)VI—h—(1—h)(2-h) KWV

—Vi-h (4—2h+3 \/1—h> (x/l—h—1>2K(\/ﬁ) >0 (0<h<1).
Hence we get

()]s=0
KE Ko
— 1100, Vh) + K (V) - N (h7O)E(\/A§1)TZ;/\(/)’) (h,0)K (v/h)
2 (* —h+1) B(Vh) — (1—h) (2 h) K(Vh)
Vh

2 (h2—h+1)EWh)—(1—h)(2—-h)K(Vh)

= —K(Vh)+ K(Vh) - =0.

Thus we obtain
(x)=cl(h)-s+cf(h) - s*+--,

near s = 0, where (:;7(h)7 (¢ = 1,2,---) are some constants. Therefore we
have

T(h.s)=¢f (h) - Vs+ef (h)-sv/s 4,
which implies (6.17).

Lemma 6.2 Let h € (0,1) be fized. J(h,s) defined by (6.12) satisfies
(6.18).

Proof. We have

_ om(V,e?)
j(h7 S) - _Q(h7 8) : Oe )
where
.U _ K2)3 . 2 (s
Qh, s) = A, - dé(h,s(h;V)) h(1—h) (DX2)” . K(Vh) (1—s)(1—sh)

dh 32s(1—5)2(1— hs)2 /s NI
by (6.10) and (6.1). Thus

1 -~ 1 _8m(1,52) -
j(h’1+\/1h>_ Q(h’1+\/1h) o 0
by (1.14).
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Proof of Proposition 6.3. It is obvious from Lemmas 6.1 and 6.2. O
Proof of Proposition 6.4. We have

6‘(_\/< == R 1 Jﬁ)) SE(VR) + (1= 5)K(VR)

ds Vs T 2s/s(1-s)(1—sh) (6.52)
9 ( m) hs 1 6.33)
ds Vs 2s¢/s(1 — s)(1 — sh)
; =4h (( 2h3s® —2h%s® —3h%s? +2hs —3hs® +6hs—h—1) E(Vh)
(1= k) (B35 = 2hs® + 3hs? — 3hs + 1) K(VR)) (6.34)

% (MEEE (R E(VR) + NF2K(V1)?)
= —3hK (VR) ((h%* + $*h — Ash + h +1) E(VR)

— (1= h) (s°h — 2sh+ 1) K(ﬁ)) . (6.35)

Hence, we obtain (6.19) by direct calculation. Thus, we complete proof. O

6.3 Proof of Proposition 6.5

We begin with the following lemmas.

Lemma 6.3 Let F(h,u) and CFO(h,u) be defined by (6.20) and (6.21) re-
spectively, then (6.27) holds.

Proof. We have

F(h,0) = (h EWE)) :

K (Vh)
CFOh,H)=H*(H*+ H+1) (2H* +3H +2) (1 - H)" > 0,
Oy (h,w)
— 6 (h®—h+1)*u? =6 (2—h) (1—h) (B2 =h+1) u+3 (h2—2h+2) (1—h)*

1 (2-h)(1-h)\> 3
:6(h2—h+1)2<u—2-(h2_)}(1+1)> +§(1—h)2h2>0

forO<h <1, H<u<1,where H=+/1— h. Thus, we complete the proof
by using v1 — h < E(vh)/K(vh) < 1 due to Lemma 2.1. O

Lemma 6.4 Let F(h,u) and g1(H,u) be defined by (6.20) and (6.29) re-
spectively, then (6.28) holds.
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Proof. We have

1 3 1\ _  8H% E(vVh)
F<h’1+\/1—h)_F(h’1+H)_ 1+ H)* 91<H’K(\/ﬁ)>’

(6.36)
where H = /1 — h. Hence we may show that
g (Hu)>0 (0<H<1, H<u<l) (6.37)

by Lemma 2.1.
It is easy to see that

(1+H*u—-2H?)>H(1-H*)>0 (0<H<1, H<u<1)
and

— 1+ H>u?+2(1 + HYu — (1 + H*)H?
>min {2H(1-H)*(H*+H+1), 1-H*?} >0 0<H<1, H<u<]1).

Thus we have (6.37). Therefore we complete the proof. O

Thus we obtain Proposition 6.5 by Lemmas 6.3 and 6.4.
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7 Proof of Proposition 6.6

We prepare several lemmas to prove Proposition 6.6.

7.1 Key lemmas and proof of Proposition 6.6
Lemma 7.1 Let F(h,u) be defined by (6.20). It holds that

gF(h, s) = 8h*CF0sT — 14n*Ct s + 121CT255 — 10K3CT3 s
S
+ 8R2CT s — 6h2CT35% + 4h2CT?s — 2nCT?, (7.1)
2
F
%—z(h, s) = 56R*CTOs5 — 84n1Ctts® + 60nCE2 st — 40n3CE3 3
S
+ 24n2CT4s% — 12h2CT 35 + 4n2Ct?, (7.2)
3
F
%Sg(h, s) = 336h1CT0s5 — 420n1CT st  240K1CT? 53 — 120K3CT3 52
+ 48n%CcT4s — 12n2CT3, (7.3)
4
F
?984(}% s) = 1680h1CT0s* — 1680R1CT 53 + T20RACT252 — 240K3CT 35
+ 48n2C4, (7.4)
85F 4,F0 3 40F1 2 40F2 30 F3
ﬁ(h,s) = 6720h"C""s® — 5040h"C" " s* 4+ 1440h*C" “s — 240h°C"°,
(7.5)
86F 4-F0 2 4-F1 4 F2
—(n,s) = §° — S , .
o5 (hss) = 20160h"C 10080Rn*C*s + 1440n*C (7.6)
87F 4,F0 4,F1
5o (s 8) = 40320h*C"0s — 10080°C"™, (7.7)
88F 4~F0
S5 (15) =403200°C0 >0 (0<h<1), (7.8)
where

ctO =t h,Uu(n)), ¢t =t (h,U(n)), CF? =2 (h,U(R)),
o3 =P (h,U(n)), CF* =CP (h,U(R)), U(h) = E(Vh)/E(WR)

are defined by (6.21)-(6.26).

Proof. We obtain identities in (7.1)-(7.8) by direct calculations and the
inequality in (7.8) by Lemma 6.3. O
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Lemma 7.2 Let F(h,u) be defined by (6.20). It holds that

87F h 1 _87F 1— H? 1
s \'"14++/1—h/) Os "1+ H

_32H"(1-H) HE( 1— H?)
T a+HP T

2 2
0*F h 1 _O*F Lo 1
0s2 1+vV1I—nh 052 H

_ 16H®(1 - H)? "
(1+H)2 g2 ;

>>0(0<h<n, (7.9)

3 3
OF (1 1 _OF () ]
0s3 1+vV1I—nh 0s? 1+ H

_|_
<0 (0<h<hg),
 48H5 (1— H)? o EWVI—H) ( 0)
T 1+H N\ RWVI-m?)
1

O*F L 1 _O'F L

0s* \'"14+/1—h/) 0st "1+ H
1 — 2

:48H2(1—H)2-g4<H,E(1H)>>0 <0<h<1 1),

PF h 1 _OF Loy
0 \'"14+V1—h/) O0s° "1+ H

E(1- H?)
K(V1— H?)

F h 1 _O°F Lo
06 \'"14+V1—h) Osb "1+ H

BE(VI— H?)
K(V1-H?)

OF h 1 _O'F Loy
s \''1+/1—h/) 0s7 "1+ H

_ TN E(v1 )
= —10080H(1+ H)? (1 — H)” - g7 <H (\/17)><0 (0<h<1),

= —480H3(1+ H)(1— H)*- g5 (H ) <0 (0<h<1),

(7.13)

= 1440H>*(1+ H)? (1 — H)* - g (H ) >0 (0<h<1),

(7.14)

(7.15)



where H :=+/1—h,
92(H7 u)
=—2 (H*+1) (5H*+3H+5)u’
— (—12HS +4H® — 37H* — 22H° — 37TH? + 4H — 12) u?

—2H?(18H* + H* + 8H?> + H + 18) u+ H* (15 H* + 2 H + 15) ,
(7.16)

g3(Hau)
=—2 (H*+1) (8H*+9H +8) v’
+ (8H® —12H° + 55 H" + 66 H® + 55 H* — 12 H + 8) u?

—2H% (19H* + 3H® + 10H* + 3H + 19) u + H* (17H® + 6H + 17) ,
(7.17)

ga(H, u)

= (72H% — 16 H® — 104 H® — 16 H + 72) v’
— (8H®—64H"+329H%—148H° —258 H' — 148 H + 329 H* — 64 H +8) v
+2H?* (49H® — 92 H® + 51 H* — 36 H® + 51 H> — 92 H + 49) u
— H* (47TH* — 76 H® + 34 H® — 76 H + 47) (7.18)

95(H, u)

i=— (-28H° —12H° + 12H* + 48 H®* + 12 H* — 12 H — 28) u®
+ H (8H® — 95 H° + 36 H* + 110 H 4 36 H> — 95 H + 8) u
+2H?(9H® — 22 H° + TH* —8H®* + TH® — 22 H+ 9) u
—H'(9H"—20H® —2H* - 20H +9), (7.19)

g6 (H, u)

= (28 HO + 28 H® — 12 H* — 52 H® — 12 H? + 28 H + 28) u?
— H* (65 H" — 17 H? — 80 H® — 17 H + 65) u*
+2H*(3H®—15H° + H' —4H* + H> — 15 H + 3) u
~H*(3H*—15H® -8 H* - 15H +3), (7.20)

g7(H,u)

=4 (2H*+3H+2) (H' - H* + 1) v*
—3H? (4H" + H> —2H* + H + 4) v’
—6H? (H*+1)u+ H® (3H? +2H +3). (7.21)
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Here, hg is a real number with h € (1 —312/100%, 1 —1/10%) which appears
in Lemma 7.9.

Proof. We get identities in (7.9)-(7.15) by direct calculations. We have
inequality in (7.9) by Lemma 6.4, We obtain (7.10), (7.11), (7.12), (7.13),
(7.14), (7.15) by Lemma 7.7, Lemma 7.9, Lemma 7.10, Lemma 7.11, Lemma
7.12, Lemma 7.13 which we prove in Subsection 7.2. O

Table 7.1 shows the sign of F(0,h), ---, 03F(0,h)/0s® and F(1/(1 +
V1—="h),h), -, BF(1/(1++1—h),h)/ds®, which we will prove in subse-

quent lemmas 7.3-7.6. Here * means +, — or 0.

1
S 1+V1-h
O<h<1|[O<h<hyg|h=hy| hg<h<1

s=0 s

F + - - -

oF

N - + + +

7
0s2
O*F
23 | B 0 *
O*F
@ + + + *
>’F _ _ _ _
0sd
oF
05
i3
0s7
o
0s8

+ + + +

Table 7.1: Signs of F, -+, 33F/0s® at s =0 and s = 1/(1+ /1 —h)
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Lemma 7.3 Let F(h,u) be defined by (6.20). It holds that

OF 1 a7F

O*F 1 86F
ﬁ( : )_36%3 86(h 0)>0 (0<h<1), (7.23)
PF 1 O°F
W(,0)_W-85(i10)<0 (0<h<1), (7.24)
85
0<h<l1l 0<s< 7.25

955 ( § 1+\/1—> (7.25)
*F (h,s) 0<h<l, 0<s< ! (7.26)
FrE =0 h 1+\ﬁ ‘
67F(h ) < <0<h<1 0<s< ) (7.27)

S S .
s = ’ 1+ﬁ

Proof. We obtain (7.27) by (7.8) and (7.15). Hence we get (7.26) by (7.27)
and (7.14). Therefore, we obtain (7.25) by (7.26) and (7.13). Thus we obtain
equalities in (7.22), (7.23), (7.24) by Lemma 7.1, and inequalities by (7.27),
(7.26), (7.25) with s = 0. O

Lemma 7.4 Let F(h,u) be defined by (6.20). It holds that

O*F 1
e (hyy———— ) <0 7.28
952 ( 0’1+\/1—h0> (7:28)
AF 1

: >0 (0<h<hg). 7.29
854< . fh) ( ) (7.29)

Proof. We obtain (7.28) by (7.10) and hy € (1 — 312/100%, 1). We get
(7.29) by (7.12) and hg € (0, 1 —1/10%). Thus we complete the proof. O

Lemma 7.5 Let h € (0, ho] be fized. Then, (6.30) in s has the unique
solution.

Proof. Let us fixed h € (0, hg]. We get

N*F

< .
84(h8) >0 <0 s < 1+\/1f> (7.30)
by (7.29) and (7.25). Hence we obtain
OPF 1
<s< 31
83(hs) (0 s 1+\/17> (7.31)

by (7.30) and (7.11) with 0 < h < hg.
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On the other hand, we have
OF oF 1
—(h,0) <0, — |h,————=| >0 7.32
83( ) 83( 1+\/1—h> ( )

by (7.22) and (7.9), respectively. Therefore there exists the unique s;(h) €

(0,1/(1 ++/1 — h)) such that

(?)F (hys) <0 (0<s<si(h)), (7.33)
%F (h, 51(h)) = 0, (7.34)
8F 1
G0 o)< (nm <o < ) (7-33)
by (7.31).
Now, we have
F(h,0)>0, F <h, miﬂ) <0 (7.36)

due to (6.27) and (6.28). Consequently, there exists the unique so(h) €

(0,1/(1 ++/1—h)) such that
F(h,s) >0 (0<s<sph)), (7.37)
F (h, so(h)) = 0, (7.38)

F (h,s) <0 (so(h) <s< 1—1—;@)

by (7.33), (7.34) and (7.35). Thus we complete the proof. O

Lemma 7.6 Let h € (ho, 1) be fized. Then, (6.30) in s has the unique
solution.

Proof. Let us fixed h € (hg, 1). We have
PF OPF 1
h,0 h 0 7.40
G0 <o S8 () > (7.40)

by (7.30) and (7.11) with hg < h < 1, respectively. Hence there exists the
unique s3(h) € (0,1/(1 + /1 — h)) such that

f?;’f (h,s) <0 (0<s<s3(h)), (7.41)
8;5 (h, $3(h)) =0, (7.42)
O*F 1

833 (h,s) ( 71 T h> (7.43)
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by (7.25).
On the other hand, we get

O*F O*F 1
5 (h,0) > 0, 52 (h, 1+m> <0 (7.44)

by (7.23) and (7.10), respectively. Thus there exists the unique s2(h) €

(0,1/(1 4+ +/1 — h)) such that

2
‘Zf (hs)>0 (0<s<sh) (7.45)
8822 (h, $2(h)) =0, (7.46)
0*F 1

e (h,s) < s < m) (7.47)

by (7.41), (7.42) and (7.43).
Moreover, we obtain

oF oF 1

hoy<o, Z(h—" ) >0 7.48

83( ) 88( 1+\/1—h> (7.48)
by (7.22) and (7.9), respectively. Therefore there exists the unique s1(h) €

(0,1/(1 ++/1—h)) such that

%F (hys) <0 (0<s<si(h), (7.49)
%Z (h, 51(h)) = 0, (7.50)
oF 1

Sooco (wesiim) o

by (7.45), (7.46) and (7.47).

Now, we have

F(h,0) >0 (7.52)

1
Flh——o)<0
( 1+\/1h)

due to (6.27) and (6.28). Consequently, there exists the unique $p(h) such
that

F(h,s)>0 (0<s<5sp), (7.53)
F (h,$0) =0, (7.54)

F(h,s) <0 <s~0 <s< (7.55)

)

by (7.49), (7.50) and (7.51). Thus we complete the proof. O
Proof of Proposition 6.6. We obtain conclusions by Lemmas 7.5 and
7.6.0
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7.2 Lemmas for proof of Lemma 7.2

We prepare several lemmas to prove Lemma 7.2.

Lemma 7.7 Let g2(H,u) be defined by (7.16). Then

E(WV1— H?) 31
92 <H, m) >0 (O <H< W) : (7.56)

Proof. We note that the graphs of ga(h,u) is like Figure 7.1.

0.5
0.4
0.3

u
0.2

0.1

0

| ' T " T T T T T T 1
0.90 0.92 0.94 0.96 0.98 1

h

Figure 7.1: Graphs of ga(h,u) for 9039/10000 < h < 1, V1—h < u <
1—h/2.

We may show that

(7.57)

31 1+ H?
g2(H,u) >0 <0<H§ﬁ’ H<u< + )

by Lemma 2.1.
We have

g2(H,H) = 2H*(6H* — 13H? — 10H* — 13H +6)(1 — H)?> > 0,

gou(H,u) = —6 (H* +1) (5 H* + 3 H +5) u?
+ (24H® —8H° + T4 H'+ 44 H* + T4 H* — 8 H + 24) u
—2H?(18H*+ H® + 8H? + H + 18),

9o.u(H, H) =2H (12H® — 37H® + 27TH* — 16H> + 27TH? — 3TH + 12) > 0,

1+ H?
92,u (H7 9 )

(9H® — 35H° + 27TH* — 14H® + 27TH? — 35H + 9) (H +1)> > 0

1
2
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for 0 < H < 31/100 by virtue of Sturm’s theorem. Hence we obtain (7.57).
Thus we complete the proof. O

Lemma 7.8 It holds that

_ 3 —
é(@.gg (H,m>><0 (0< H<1). (7.58)
<H

Proof. We have
d (K(\/l —H2)3

dh \ (1 — H?)?

E(V1-H?%)
K(V1-H?)

_ KW1-H?)? o E(V1 - H?) (7.50)
H(1—H)3(1+ H)3 "K(VI—H?) ’
where
f(H,u) :=c3(H) -u®+ co(H) - u* 4+ c1(H) - u

+H* (21 H' -6 H* — 133 H® — 24 H — 30) , (7.60)

ci(H):=—-3H? (18 H® —8H® — 63 H" + 24 H®> — 45 H?> — 14 H — 20)
(7.61)
co(H):=3H (8H" —8H® —TH’ +34H" —73H> — 44 H?> — 54 H +4)
(7.62)

c3(H) := (—40 H® — 48 H® + 87 H* + 120 H® + 135 H* + 6 H + 8) . (7.63)
We may show that
f(Hyu) >0 (0<H<1, H<u<l) (7.64)

by Lemma 2.1.
We obtain

f(H,H) = 10H*(12H° — 35H* — 94H3 + 33H* + 8H + 40)(1 — H)* > 0,
and c3(H) > 0 for H € (0, 1) by Sturm’s theorem. Moreover, we get
fu(H,u) = 3c3(H) -u? +2c0(H) -u+ci(H) >0 (0<H<1),
since

CQ(H)2 — 303(H) . Cl(H)
=-9H*(H+1)*(-64H" +320 H'" — 1008 H® — 103 H"
—183 HO + 3211 H® — 1837 H" + 1004 H® — 548 H* + 232 H + 144) < 0,

for 0 < H < 1 by virtue of Sturm’s theorem.
Therefore, we get (7.64). Thus we complete the proof. O
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Lemma 7.9 There exists the unique ho € [1 — (31/100)2,1 — (1/10)?] such

that
g3 (vl_h’K(\/ﬁ)> <0 (0<h<hg),
E(Vh) B
g3< l_h’K(\/ﬁ)> =0
gg( l_h’K(\/ﬁ)>>0 (hg <h<1)

Proof. We have

1 1\? 1\?
— El«1-(= Kl1-(=
" (107 ( <10> / (10) >0,

since it holds that

(7.65)

(7.66)

(7.67)

1 1\2 1)\2 121 1 1\2
1—0<E (10> /K 1_<10> <400_4(1+10>

by Lemma 2.1, and

1
g3 <10,’U,>
45349u3+1855347u2 194049u+ 1777 . <1
2500 250000 500000 1000000 10

<u <

by Sturm’s theorem.
We have

o 2 (- G) /o (V- Go))) <o

since it holds that

31 31 \?2 31\?

i 5 Y B Kl1-(== 1

100 = (1 0> / (100) <
by Lemma 2.1, and

31
g3 100’ U
316740017 w® 1501548449781 u?

12500000 + 125000000000
2033076415239 u 189263623177 ( 31 cu< 1)

500000000000 | 1000000000000 100
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by Sturm’s theorem.
Thus, there exists the unique Hy € (1/10,31/100) such that

K(V/1— H?)
E(y/1—H}) 0
g3 0’—[(( 1 —Hg) )
93 (H,Ib;((— 1:[:2))) <0 (Hy<h<1).

Consequently we complete the proof by putting h := 1 — H? and hgy :=
1 - H3.O

Lemma 7.10 Let g4(H,u) be defined by (7.18). Then

B/ TR) .
g4 <H7 m) >0 (— <Hc< 1) . (7.68)

10 —
Proof. We note that the graphs of g4(h,u) is like Figure 7.2.

01— L L T B

I T I
0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

h

Figure 7.2: Graphs of g4(h,u) for 0 < h < 99/100, vV1 —h <u < 1—h/2.

We may show that

(7.69)

1 1+ H?
ga(H,u) >0 <E§H<1, H<u< + )

by Lemma 2.1.
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We have

ga(H,H) = 2H*(—4H"* + 101H? + 140H* + 101H — 4)(1 — H)* > 0,
gau(H,H) = 2H(-8H® + 205H° — 27H* — 60H> — 27H* 4+ 205H — 8)
(1-H)?>0,
gauu(H,uw) =2 (216 H® — 48 H® — 312 H® — 48 H + 216) u
— 16 H® + 128 H' — 658 H® + 296 H® + 516 H*
4296 H? — 658 H? + 128 H — 16,
Gauu(H, H) = =16 H® + 560H" — 754H° 4 296 H®> — 108 H*
+296H® — 7T54H? + 560H — 16 > 0,

1+ H?
94,uu (H, 92 )

= 2(100H® — 160H® — H* + 130H3 — H? — 160H + 100)(H +1)> >0

for 1/10 < H < 1 by virtue of Sturm’s theorem. Hence we obtain (7.69).
Thus we complete the proof. O

Lemma 7.11 Let g5(H,u) be defined by (7.19). Then

. BWI=TD)
PN KVI—m)

Proof. We note that the graphs of g5(h,u) is like Figure 7.3.

>>0 (0<H<1). (7.70)

Figure 7.3: Graphs of g5(h,u).

We may show that

gs(H,u) >0 (0<H<1, H<u<l) (7.71)
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by Lemma 2.1.
We have

gs(H, H) = 2H3(27H? + 40H + 27)(1 — H)* > 0,

g5u(H,H) = 2H*(59H* + 19H> + 4H* + 19H + 59)(1 — H)* > 0,

g5uu(H,u) =2 (84 H® + 36 H® — 36 H* — 144 H® — 36 H* + 36 H + 84) u
+2H (8H® —95H” +36 H* + 110 H® + 36 H* — 95 H + 8),

Gs.uu(H, H) = 2H(92H5 — 59H° — 34H% — 59H + 92) > 0,

gs,u(H,1) = 2(H +1)(8H  —19H° +91H* —17H3 —91H? —40H +84) > 0

for 0 < H < 1 by virtue of Sturm’s theorem. Hence we obtain (7.71). Thus
we complete the proof. O

Lemma 7.12 Let gs(H,u) be defined by (7.20). Then,

o EVI=I)
B\ KV

Proof. We note that the graphs of gg(h,u) is like Figure 7.4.

>>0 (0< H<1). (7.72)

Figure 7.4: Graphs of gg(h,u).

We may show that
gs(Hyu) >0 (0<H<1, H<u<l) (7.73)

by Lemma 2.1.
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We have

g6(1 — H%, u) = 2H3(17TH* — H® —8H? — H +17)(1 — H)? > 0,

gou(H,H) = 2H?*(45H® — 38H® — 2H® — 38 H + 45) > 0,

96,uu(H,u) =2 (84 H® + 84 H® — 36 H* — 156 H® — 36 H* + 84 H + 84) u
—2H? (65 H* —17TH® —80 H* — 17 H + 65) ,

g6,uu(H, H) = 2H(84H® + 19H® — 19H* — 76 H> — 19H* + 19H + 84) > 0,

G6.uu(H, 1) = 2(H + 1)(19H® + 82H* — 38H® — 101H? + 84) > 0

for 0 < H < 1 by virtue of Sturm’s theorem. Hence we obtain (7.73). Thus
we complete the proof. O

Lemma 7.13 Let g;(H,u) be defined by (7.21). Then

E(/I= i)
gt <H; m) >0 (0<H<1). (7.74)

Proof. We note that the graphs of g7(h,u) is like Figure 7.5.

Figure 7.5: Graphs of g7(h,u).

We may show that

gr(Hu) >0 (0<H<1, H<u<l) (7.75)

by Lemma 2.1.
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We have

g7(H,u) = 2H*(AH* + 5H> + 6H* + 5H + 4)(1 — H)? > 0,
gru(H,H) = 6H*(4H® + H® — H* — 4H® — H*> + H +4) > 0,
gruu(H,u) =24 2H*+3H +2) (H' = H*+1)u

—6H® (4H'+ H®> —2H* + H +4),
gruu(H,H) = 6H(8H® + 8H® — H* — 10H® — H*> + 8H + 8) > 0,
gruu(H, 1) = 6(H + 1)(4H® + TH* — 5H> — 8H? + 4H +8) > 0

for 0 < H < 1 by virtue of Sturm’s theorem. Hence we obtain (7.75). Thus
we complete the proof. O
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8 Proof of Theorem 3.8

In this section, we show the existence of secondary bifurcation point, and
give a proof of Theorem 3.8.
We note that m(1,e2) =2 (0 < e2 < 1/72). We see that

72
A o (0cecd) .
v, i
is equivalent to
> 2
om(V (h,s),e%(h,s)) =0 (0<h<l), (8.2)
oh 1
S=1XVioh
which implies
1 2—h E(h)
_ -8 =0 (0<h<l). (83
2(1+v1—h)(2 — h)3/2 (1_h K(Vh) > | ey

It holds that (8.3) has the unique solution A = h, with h, = 0.952---, and

m(V(h, 5.),e2(hs, 5,)) = 2, (8.4)
o (V (ha, 54), €2 (s 54)) = 0, (8.5)
Mg (V (s, 54),62(hy, 54)) = 0. (8.6)

Here, s, = 1/(1+y/1 — hy) = 0.821--- and €2 = &2(hy, s.) = (0.2353---)2 =
0.055---. By simple computation, we get

mpn(V (ha, 54), €2 (ha, 54)) = Pos.Const. - (5h2 — 12k, — 12) >0,  (8.7)

- 2—h. E(/hs
(T (15,20, 5)) = Comst. - (224 K((\/\/h:)) -8) =0 ©8)
M5 (V (D, 54), €2 (hsy 52)) > 0. (8.9)
Hence we see from Taylor’s expansion at h = h, that
m(V(h,s.),e2(h, s:)) > 2 (8.10)

for h > h, sufficiently close to hy. On the other hands, we obtain from
Taylor’s expansion at s = s, that

m(V (hs, 5),%(hs, 8)) < 2 (8.11)

for s < s, sufficiently close to s..
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Therefore, we see that there exist 1 and f» with 0 < /1 < £5 such that
m(V,0(V—1)+e2) <2 (V < 1 sufficiently close to 1) (8.12)
and
m(V,ly(V —1) +¢2) >2 (V < 1 sufficiently close to 1). (8.13)
By Theorem 3.4 (ii), we obtain
(V) —=¢e? as V11 (8.14)
Therefore, it following from (1.12), that
E2(V)—=e? as V1 (8.15)

We explain the meaning of the above argument intuitively. Figure 8.1
shows graphs of m(V,e?) for each fixed £2.

&’ =023’ &?=0.2412° &?=0.244

1 1 1

&l =0.2353%---=0.055--- &* =0.241863750

1 1

Figure 8.1: m(V,¢2) for each 2
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Figure 8.2 and 8.3 show curves in the parameter space, h—s—m space,
and corresponding curves in V—e2? —m space, respectively.

Zndbitpr rger than 2

A}
m(he,s.) =2 ]
m, (h.,s.)=0 m=
m (h.,s.)=0
m, (h.,s.)>0 ot
9 2nd b, pt. rger than 2 2:11::
| h.=0.952...
smaller th:
e (m=2) / m(h.,s.) =2
L [ /[‘[ B mhs)=0
B | e my, (h.,s.)>0
‘ S, =0.821

82
m 2nd bifurcation point oo
“ large 12
2 o]
= 71 smaller than 2
.| smaller than 2 N
] larger than |2
V
’ T | T T T | T I T [ T I T T

A
L
d
@
0"

Figure 8.3: Secondary bifurcation point and curves in V —e2—m space
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9 Numerical results about the stability

Let us explain the stability of solutions of (SLP) observed by numerical
computations. Let us see Figure 9.1. Stationary solutions corresponding to
the points on the thick lines are locally stable and those on the broken lines
are unstable.

0.2

0.1

0.1

0

Figure 9.1: Stability of solutions of (SLP)

We show several figures to see the behavior of solutions of (TLP) in
Figures 9.2-9.33. Left column are profiles of W (x,t), and right column are
profiles of V(t).

Figures 9.2-9.9 show the case m = 1.5 and € = 0.0576. Initial values are
taken as V(0) =1.325581, W (x,0) = W (x;V(0),e2), where W (z; V(0),£2)
is a numerical computed solution of (SLP) with m = 1.5. It seems that
V(t) — 1.000112 and W (z,t) — W (x;1.000112,£2) as t — co numerically,
where W (z;1.000112, £2) is a numerical computed another solution of (SLP)
on the same bifurcation curve with m = 1.5.

Figures 9.10-9.17 show the case m = 2 and € = 0.032854. Initial values
are taken as V (0)=0.53846, W (z,0) = W (x; V(0),£2), where W (z; V(0), £2)
is a numerical computed solution of (SLP) with m = 2. It seems that
V(t)—1and W (z,t) — W (x;1,£%) as t — oo numerically, where W (z; 1, £2)
is a numerical computed symmetric solution of (SLP).
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0

eps=0.057600 1=0.000000( 0) int_W=0.174419 int_V=1.325581 eps=0.057600 1=0.000000( 0) int_W=0.174419 int_V=1.325581

W(0)=0.000000 W(1)=1.703083 —— V(0)=1.325581 V(1)=1.325581 ——

=

Figure 9.2: m = 1.5, V(0) = 1.32558, & = 0.0576, ¢t = 0

eps=0.057600 t=1.000000( 360000) int_W=0.195304 int_V=1.304696 eps=0.057600 t=1.000000( 360000) int_W=0.195304 int_V/=1.304696
W(0)=0.000000 W(1)=1.827429 —— V(0)=1.304696 V/(1)=1.304696 ——
3
25
2

=

Figure 9.3: m = 1.5, V(0) = 1.32558, £ = 0.0576, t = 1

eps=0.057600 1=1.083333(390000) int_W=0212037 int_V=1.287963 eps=0.057600 1=1.083333( 390000) int_W=0212037 int_V=1.287963

W(0)=0.000000 W(1)=1.906836 —— V(0)=1.287963 V(1)=1287963 ——

—

Figure 9.4: m = 1.5, ‘7(0) = 1.32558, € = 0.0576, t = 1.083333

€ps=0.057600 t=1.166667(420000) int_W=0.234760  int_V=1.265240 ps=0.057600 t=1.166667(420000) int_W=0.234760 int_V=1.265240

W(0)=0.000000 W(1)=1.987790 ——— V(0)=1.265240 V/(1)=1.265240 ——

25

05

=

0

Figure 9.5: m = 1.5, V(0) = 1.32558, ¢ = 0.0576, t = 1.166667
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eps=0.057600 1=1.472222( 530000) int_W=0.323540 int_V=1.176460 eps=0.057600 1=1.472222( 530000) int_W=0323540 int_V=1.176460

W(0)=0.000000 W(1)=2.097875 —— V(0)=1.176460 V/(1)=1.176460 —r

° =

° b N o N
o N
by - o ~

Figure 9.6: m = 1.5, V(0) = 1.32558, ¢ = 0.0576, t = 1.472222
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Figure 9.7: m = 1.5, ‘7(0) = 1.32558, € = 0.0576, t = 1.805556
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Figure 9.8: m = 1.5, V(0) = 1.32558, ¢ = 0.0576, t = 2.277778

eps=0.057600 1=25.944444(3340000) int_W=0.499888 int_V=1.000112 ps=0.057600 t=25.944444(3340000) int_W=0.499888 int_V=1.000112

W(0)=0.000000 W(1)=1.991425 —— V(0)=1.000112 V(1)=1.000112 ——

05

° -
b - & ~
N > N

Figure 9.9: m = 1.5, V(0) = 1.32558, ¢ = 0.0576, t = 25.944444
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Figure 9.10: m =2, V(0) = 0.53846, ¢ = 0.032854, t =0
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Figure 9.11: m = 2, V(0) = 0.53846, ¢ = 0.032854, t = 0.777778
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Figure 9.12: m = 2, ‘7(0) = (0.53846, ¢ = 0.032854, t = 0.888889
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Figure 9.13: m = 2, V(0) = 0.53846, £ = 0.032854, ¢ = 1.138889
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Figure 9.17: m = 2, V(O) =0. 53846 e = 0.032854, t = 14.694444
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Figure 9.18: m = 2.5, V(0) = 0.88679, ¢ = 0.074015, t =0
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Figure 9.19: m = 2.5, V(0) = 0.88679, £ = 0.074015, ¢ = 4.722222
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Figure 9.20: m = 2.5, V(0) = 0.88679, ¢ = 0.074015, t = 5
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Figure 9.21: m = 2.5, V(0) = 0.88679, & = 0.074015, ¢ = 5.277778
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Figure 9.22: m = 2.5, V(0) = 0.88679, £ = 0.074015, ¢ = 6.111111
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Figure 9.23: m = 2.5, V(0) = 0.88679, £ = 0.074015, ¢ = 6.944444
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Figure 9.24: m = 2.5, f/(O) = 0.88679, ¢ = 0.074015, ¢t = 8.333333
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Figure 9.25: m = 2.5, V(0) = 0.88679, £ = 0.074015, t = 64.166667
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Figure 9.26: m = 3, V(0) = 2.5, ¢ = 0.255369, t = 0
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Figure 9.27: m =3, V(0) = 2.5, ¢ = 0.255369, t = 1.25
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Figure 9.28: m = 3, V(0) = 2.5,
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Figure 9.29: m = 3, V(0) = 2.5,
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Figure 9.30: m =3, V(0) = 2.5,
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Figure 9.31: m = 3, V(0) = 2.5,
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Figure 9.32: m = 3, V(0) = 2.5,
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Figure 9.33: m = 3, V(0) = 2.5,
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Figures 9.18-9.25 show the case m=2.5 and €=0.074015. Initial values are
taken as V(0) = 0.886792, W (z,0) = W (x; V(0),£2), where W (z; V(0),&?)
is a numerical computed solution of (SLP) with m = 2.5. It seems that
V(t) — 0.998178 and W (x,t) — W (x;0.998178,¢2) as t — co numerically,
where W (z;0.998178, £2) is a numerical computed another solution of (SLP)
on the same bifurcation curve with m = 2.5.

Figures 9.26-9.33 show the case m = 3 and € = 0.255369. Initial values
are taken as V(0)=2.5, W (z,0) = W (x; V(0),e2), where W (z; V(0),2) is a
numerical computed solution of (SLP) with m = 3. It seems that V() — 1
and W(x,t) — 2 as t — oo numerically.
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10 Concluding remarks

In this paper we have clarified all global bifurcation curves for a cell
polarization model. We have given answers of following problems:

e Existence and nonexistence of all global bifurcation curves for all

given m?

e Direction and connection of bifurcation curves?

e Existence and uniqueness of the secondary bifurcation point?
Results are the first ones to clarify the existence and nonexistence of all
global bifurcation curves including the unique existence of the secondary
bifurcation point.

There are several things to be solved:

e Critical points of each global bifurcation curve.

e The stability.

e The global bifurcation curves of original cell polarization model

for finite D.
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